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Abstract 

We introduce a notion of weak isospectrality for continuous deformations. Consider the 
Laplace-Beltrami operator on a compact Riemannian manifold with boundary with Robin 
boundary conditions. Given a Kronecker invariant torus A of the biUiard baU map with a 
vector of rotation satisfying a Diophantine condition we prove that certain integrals on A 
involving the function in the Robin boundary conditions remain constant under weak isospec- 
tral deformations. To this end we construct continuous families of quasimodes associated 
with A. We obtain also isospectral invariants of the Laplacian with a real-valued potential 
on a compact manifold for continuous deformations of the potential. As an application we 
prove spectral rigidity in the case of Liouville billiard tables of dimension two. 



1 Introduction 

This is a part of a project (cf. [281 [29| I30j ) concerned with the spectral rigidity and integral 
geometry of compact Liouville billiard tables of dimensions n > 2. The general strategy is first 
to find a list of spectral invariants and then to prove for certain manifolds that these invariants 
imply spectral rigidity. 

Substantial progress in the inverse spectral problem has been done recently due to the wave- 
trace formula [10] , [11] , [T7] , fT8] , [20] , [35] , [36] , [37] , [38] , and the semi-classical trace formulae 
[17j . [18j . [13j . [14j . The wave-trace formula, known in physics as the Bilian-Bloch formula 
and treated rigorously by Y. Colin de Verdiere [5j and J.Duistermaat and V. Guillemin |8] (see 
also [12], [20], [25]), as well its semi-classical analogue - the Gutzwiller trace formula relate 
the spectrum of the operator with different invariants of the corresponding closed geodesies 
such as their lengths and the spectrum of the linear Poincare map. It has been proved in 
[To] . [35] . [36] . [T7] . [18] . that for certain non-degenerate closed geodesies one can extract the 
Birkhoff Normal Form (BNF) from the singularity expansions of the wave-trace and even to 
reconstruct the boundary of analytic planar domains [37], [38]. This approach works well if we 
suppose simplicity of the length spectrum (a non-coincidence condition) and non-degeneracy of 
the corresponding closed geodesic and its iterates. 

We propose in this paper another approach which avoids the wave-trace formulae and works 
without assuming any non-coincidence or non-degeneracy conditions. Our aim here is to present 
a simple idea of how quasimodes can be used in inverse spectral problems. This idea works 
well for isospectral deformations whenever continuous with respect to the parameter of the 
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deformation quasimodes can be constructed for the corresponding eigenvalue problem. Given a 
compact billiard table (X, g) with a smooth Riemannian metric g and the corresponding Laplace- 
Beltrami operator on it, we consider here continuous deformations either of the function K in 
the Robin boundary condition or of a real-valued potential V on X. To construct quasimodes 
we assume that there is an exponent i?™, m > 1, of the corresponding billiard ball map B which 
admits an invariant Kronecker torus A with a Diophantine vector of rotation uj. By a Kronecker 
torus we mean an embedded Lagrangian submanifold A of the coball bundle of the boundary, 
diffeomorphic to the torus T""-*^ := M"'~^/27rZ"~-'^ and invariant with respect to B"^, and such 
that the restriction of B"^ to A is smoothly conjugated to the rotation with a constant vector lv 
on T*^"^. Any regular invariant torus of a completely integrable system, is a Kronecker torus. 
Moreover, the Kolmogorov-Arnold-Moser (KAM) theorem provides families of Kronecker tori 
for close to completely integrable systems. These tori have Diophantine vectors of rotation and 
their union is of a positive measure in the phase space. If the deformation is isospectral we prove 
that certain integrals on A of the function K or of the potential V remain constant under the 
deformation. 

Typical examples of completely integrable billiard tables are the Liouville billiard tables 
(L.B.T.). In the case of L.B.T. we treat these integral invariants as values of a suitable Radon 
transform. Then the spectral rigidity follows from the injectivity of the Radon transform. 
Liouville billiard tables of dimension two have been studied in [28] . Liouville billiard tables of 
dimension n > 2 are introduced in [30], where the integrability of the corresponding billiard 
ball map is obtained using a simple variational principal. A typical example of a L.B.T. is the 
interior of the n-axial ellipsoid in |30j . The injectivity of the Radon transform in higher 
dimensions is investigated in [29]. 

A billiard table {X,g) is a smooth compact Riemannian manifold of dimension dimX = 
n > 2 equipped with a smooth Riemannian metric g and with a C°° boundary T := dX ^ 0. 
Let A be the "positive" Laplace-Beltrami operator on {X, g) . Given a real- valued function 
K G C^(r,R), £ > 0, we consider the operator A with domain 

D:=i^ueH\X): = Ku\v^ , 

where y{x), x G F, is the inward unit normal to T with respect to the metric g. We denote this 
operator by ^g.K- It is a selfadjoint operator in Lp'{X) with discrete spectrum 

Spec Ag_i^ := {Ai < A2 < • • • } , 

where each eigenvalue A = \j is repeated according to its multiplicity, and it solves the spectral 
problem 

An = \u in X , 

' du, , (1-1) 

— |r = Ku\t. 
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1.1 Invariants of isospectral families 

The method we use requires only finite regularity of K. Fix ^ > 0, and consider a continuous 
family of real- valued functions Kt in the Holder space C^(r,]R), t G [0, 1], which means that the 
map [0, 1] 3 t Kt is continuous in C^(r,M). To simplify the notations we denote by At the 
corresponding operator Ag^Xt ■ The family Aj is said to be isospectral if 

VtG [0,1], Spec (At) = Spec(Ao) . (1.2) 

We are going to introduce a weaker notion of isospectrality. Consider the union I of infinitely 
many disjoint intervals going to infinity, with lengths tending to zero, and which are polynomially 
separated. More precisely, fix two positive constants c and d > 1/2, and suppose that 

(Hi) J := [J [ak,bk], where 

km 

• < Ofc < 6fc < afc+i for any fc E N, 

• limofc = lim6fc = +oo, 

• lim(6fe — Ofc) = , and 

• flfc+i — ^fe > cb^'^ for any A; G N. 

We impose the following "weak isospectral assumption": 

(H2) Ttiere is a > 1 such, ttiat V t G [0,1], Spec (At) H [a, +00) C T . 

Using the asymptotic of the eigenvalues \j as j ^ 00 we shall see in Sect. 2 that the condition 
(Hi)-(H2) is "natural" for any d > n/2. In other words, if the isospectral condition ()1.2p is 
satisfied then for any d > n/2 and c > there is a S> 1 such that (Hi)-(H2) holds. 

The elastic refiection of geodesies at F determines continuous curves on X called billiard 
trajectories as well as a discontinuous dynamical system on T*X ~ the billiard flow. The latter 
induces a discrete dynamical system B on an open subset of the coball bundle of F called billiard 
ball map (see Sect. 2.1). We suppose also that there is an integer m > 1 such that the map 
P = iJ™ admits an invariant Kronecker torus of a vector of rotation cu satisfying the following 
Diophantine condition: 

There is k > and r > n — 1 such that V {k, kn) G Z"", k = {ki, . . . , kn-i) 7^ : 

(1-3) 

|(a;,A;)+A:„| > k (^Y^'j~l \kj\^ 

For example, if dimX = 2, and F is strictly geodesically convex (with respect to the outward 
normal —i/{x)), then by a result of Lazutkin the union of the invariant circles oi P = B with 
Diophantine numbers of rotation is of a positive Lebesgue measure in r*F. If 7 is a suitable 
elliptic broken geodesic with m vertices in X, dimX > 2, applying the KAM theorem, we get a 
family of invariant tory of P = B^ with Diophantine vectors of rotation the union of which has 
a positive measure in T*F. 

More precisely, we impose the following dynamical condition 

(H3) Ttiere exists an embedded submanifold A of B*T diffeomorphic to T"^^^ and invariant with 
respect to P = such that the restriction of P to A is C°° conjugated to the rotation 
R2-Ku{'f) = — 2'/rci; (mod 27r) in T"^^, where uj satisfies ^.3\) . 
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Then A C B*T is Lagrangian (see [TS], Sect. 1.3.2). Moreover, it follows from that P is 
uniquely ergodic on A, i.e. there is an unique probability measure on A which is invariant 
under P. Obviously, is the pull-back of the Lebegues measure (27r)^~"d(/3 on T""^ via the 
diffomorphism in (H3). Set A^ = B^{A), j = 0, 1,... ,m - 1, and d^j = {B-^)*{dfi). Then 
Aj is a Kronicker invariant torus of P with a vector of rotation Ittuj and dfij is the unique 
probability measure on it which is invariant with respect to P. Denote by vrr : T*r T the 
canonical projection. Given (x,^) S B*T, we denote by S T*X the corresponding outgoing 
unit co-vector which means that the restriction of i^"*" to TxT equals and {(,~^, v{x)) > 0, where 
(•, •) stands for the paring between vectors and co-vectors, and we define = 6{x,(,) G [0,7r/2] 
by sm0 = (^"'", I'ix)). 

We require only finite C^-Holder regularity on K. Fix d > 1/2 and r > n — 1 and let 

£ > {[2d] + l)(r + 2) + 2n + (n - l)/2 , (1.4) 

where [p] stands for the entire part of the real number p. In what follows d will be the exponent 
in (Hi), and r the exponent in the small denominator condition (jl.Sp . Our main result is: 

Theorem 1.1 Let A be an invariant Kronecker torus of P = B"^ with a vector of rotation 2ttuj 
satisfying the small denominator condition ( f with exponent r > n — 1. Fix I and d > 1/2 
such that jj.^l ) holds. Let 

[0,1] 3t^ Kt£ C^(r,M) , 

he a continuous family of real-valued functions on T such that At satisfy the isospectral condition 
{Hi) — {H2) with exponent d. Then 

m—l „ m—1 

This theorem is inspired by a result of Guillemin and Melrose [IH [T2] . They consider a connected 
clean sub manifold A of fixed points of P = B^, m > 2, satisfying the so called "non-coincidence" 
conditior0. Let Ta^^ be the common length of the family of closed broken geodesies issuing 
from A and having m reflexions at F. The "non-coincidence" condition means that the broken 
geodesies of that family are the only closed generalized geodesies in X of length Ta^^- Under this 
condition, Guillemin and Melrose prove that if Kj, j = 1,2, are two real-valued C°° functions 
on F such that Spec (A^^i^-J = Spec(Ag^x2)) then certain integrals of Kj/smO, j = 1,2, on 
A are equal. In the case when X C is the interior of an ellipse F they obtain an infinite 
sequence of confocal ellipses Fj C X tending to F such that the corresponding invariant circles 
Aj of B satisfy the non-coincidence condition. As a consequence they obtain in [11] spectral 
rigidity of (jl.ip in the case of the ellipse for C°° functions K which are invariant with respect 
to the symmetries of the ellipse. The main tool in the proof is the trace formula for the wave 
equation with Robin boundary conditions in X (see [12]). This result was generalized in j28j for 
two-dimensional Liouville billiard tables of classical type. 

There is little hope to apply the wave-trace formula in our situation. An invariant Kronecker 
torus A of the billiard ball map B could be approximated with periodic points of P = B"^ using a 
variant of the Birkhoff-Lewis theorem and a "Birkhoff normal form" of P near A. Unfortunately, 

^The integer m is not necesserily the minimal exponent so that P{g) — B'^{q) for g G A 
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we do not know if the corresponding closed broken geodesies are non-degenerate. Moreover, it 
will be too hard to verify if the non-coincidence condition holds even for the ellipsoid. 

We propose a simple idea which relies on a quasimode construction. It is natural to use 
quasimodes for this kind of problems since quasi-eigenvalues are close to eigenvalues and they 
contain a lot of geometric information. In order to prove (jl.5p . we construct continuous with 
respect to t & [Oi 1] quasimodes for (see ()2.ip for a definition) of order M = [2d] + 1, where 
[2d] is the entire part of 2d and d is the exponent in (Hi). The quasi-eigenvalues (see Theorem 
2.2) are of the form Hq{t)'^, where q belongs to an unbounded index set Ai C Z,"', and 

/ig(t) = + C,,o + Cg,i(t)(/i°)-^ + • • • + C5,A/(t)(/X°)-^ , 

and Cg^o are independent of t, lini^q\^oo f^q = +00, and Cgj, q £ A4, is an uniformly bounded 
sequence of continuous functions in t G [0,1], and the constant C]\f{t) in (|2.ip is uniformly 
bounded. The function Cg^i has the form 

m-l Q ^ 

i=o -^^J 

where ^ and c" 7^ are independent of t and c'/ does not depend on q either. Moreover, there 
is C > such that for any q e M C Z"" and t £ [0, 1], 

dist (Spec(At),/Xg(t)2) <C(/iO)-^^ 

Now (H2) implies that the quasi-eigenvalues p,q{t)'^, ]q] > go S> 1, belong to the union of intervals 
[cfc — 00^*^/4, bk + cb^'^/4] which do not intersect in view of (Hi). Since fJ-qit)'^ is continuous in 
[0, 1], it can not jump from one interval to another. Hence, for each q € Ai, ]q] ^ 1, there is 
k = k(q) ^ 1 such that 

]Cq,l{t) - C,,l(0)l < f^y.it) - /X,(0)| + C'(/iO)-l < C'{]^^q{tf - f^qiOf] + (/i")-!) 

< C'{bk -ak + ca^'' + (/i°)-^) := , 

for any t S [0, 1], where C stands for different positive constants, and lime^ = as |g| ^ 00 in 
view of (Hi), which proves (jl.Sp . 

In Theorem l2.2l we give a construction of quasimodes, such that corresponding quasi-eigenvalues 
depend continuously on K £ C'(r,M), where / > M(r + 2) + 2n -|- (n — l)/2, and r is the ex- 
ponent in the Diophantine condition (jl.3p . Choosing M = [2d] + 1 we obtain that the index of 
regularity i of Kt in Theorem 1 1 . II should satisfy ()1.4|) . 

Here are the main steps in the proof of Theorem 12.21 (see Sect. [3]). In Sect. 13.11 we reduce 
the spectral problem (II. ip microlocally near the union of A to an equation with respect to 
(A,t;) G C X C°°(r) of the form 

{W{X)-ld)v = Om{X'^^'^)v. 

Here W{X) = [Q^{\) + A^^(5^(A)5(A)] is the "quantum monodromy" operator, where S'(A) is a 
"classical" Fourier Integral Operator with a large parameter A (A-FIO) whose canonical relation 
is the graph of P, and with a C°°-smooth compactly supported amplitude in any local chart, 
Q^{X) is a "classical" pseudodifferential operator with a large parameter A (A-PDO) with a 
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C°°-smooth compactly supported amplitude in any local chart, and Q^(A) is a A-PDO with a 
compactly supported amplitude of finite regularity. Moreover, ^(A) and Q^{X) do not depend on 
K, while Q^{X) depends continuously on K. The symbol of Q^{X) in any local chart has the form 
X^jlo^ g^(x,^)A~-' + Om{X~^), where are compactly supported functions. Moreover, are 
polynomials of K and of its derivatives of order < 2j with smooth coefficients, while the reminder 
term Om{X~^^) depends continuously on K and on its derivatives of order < 2M. The symbols 
of finite regularity that we need are introduced in the Appendix. The reduction here is close in a 
sense to the construction of a parametrix for the mixed problem for the wave equation in the C°° 
case which has been done by V. Guillemin and R. Melrose in [12]. Using a result of V. Lazutkin 
we find a Birkhoff Normal Form of P in a neighborhood of A. Next solving the corresponding 
homological equation we find a Quantum Birkhoff Normal Form of the monodromy operator 
W{X) in Sect. 13.41 In particular, we obtain a spectral decomposition of W{X) modulo Om{X~^^), 
which allows us to construct the qusimodes. Similar idea has been used in [25]. Recently, 
the "quantum monodromy" has been used also in the wave-trace and the semi-classical trace 
formulae [25], [31]. To get a normal form we make use of Wiener spaces with weights ^'*(T"'~^). 
A function in T""^ belongs to such a space if the series of its Fourier coefficients multiplied by 
a suitable polynomial weight is absolutely convergent. These spaces turn out to be perfectly 
adapted for solving the homological equation. At any iteration we loose exactly r derivatives, 
which makes Mr in total. On the other hand, C'?(T'^-^) C ^'^(¥""1) C C"(T"-i) for any s > 
and q > s + {n — l)/2, and the inclusion maps are continuous by a theorem of Bernstein. We 
need also 2n derivatives on the amplitude of the corresponding A-FIO acting on T"^^ to proof 
L^-continuity. Finally, to construct continuous with respect to G C'(r,M) quasimodes we 
have to assume that / > 2M -|- tM + {n - 1)/2 + 2n. 

1.2 Applications and spectral rigidity 

Kronecker invariant tori usually appear in Cantor families (with respect to the Diophantine 
vector of rotation uj satisfying ()1.3p with r > n — 1), the union of which has positive Lebesgue 
measure in T*T, and Theorem 1.1 applies to any single torus A of that family. Consider for 
example a strictly convex bounded domain X C with C°° boundary F, and fix r > 1. It 
is known from Lazutkin (cf. [19], Theorem 14.21) that for any < k < <C 1 there is a 
Cantor set C (0, eo]) £o ~ ^ 1, of Diophantine numbers a; satisfying ()1.3p such that 
for each a; G there is a KAM (Kolmogorov-Arnold-Moser) invariant circle A^ C B*T of 
B satisfying (H3) with m = 1 and with rotation number 2ttuj. Moreover, is of a positive 
Lebesgue measure in (0,eo]- In fact, the Lebesgue measure of (0,e] \ H, H = UH^, is o(e) as 
e ^ 0, and so is the Lebesgue measure of the complement to the union of the invariant circles in 
an e-neighborhood of S*T in B*T. More generally, the result of Lazutkin holds for any compact 
billiard table {X,g), dimX = 2, with connected boundary F which is locally strictly geodesically 
convex. The corresponding completely integrable map is obtained by means of the "approximate 
interpolating Hamiltonian" |20j . 

Corollary 1.2 Let {X,g), dimX = 2, be a compact billiard table with a smooth connected and 
locally strictly geodesically convex boundary F. Let [0,1] 3 t ^ Kt ^ C^(F,M) be a continuous 
family of functions such that At satisfy {Hi) — {H2)- Let i > {[2d] + l)(r -|- 2) -|- 9/2, where 
d > 1/2 is the exponent in {Hi). Then 

V..G-, VtG[0,l], / ^d,= [ "^d,. (1.6) 
A„ sm6l sm6' 
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Another example can be obtained applying the KAM theorem to the Poincare map P = B"^ of 
a periodic broken geodesic 7 with m vertexes (in any dimension n > 2). To this end we suppose 
that 7 is elliptic, that there are no resonances of order < 4 and that the corresponding BirkhofF 
normal form of P is non- degenerate (see Sect. 14.11 for definitions). If the dimension of X is two 
these conditions mean that P is a twist map. Consider in more details the case of a bouncing 
ball trajectory 7 (m = 2) with vertices xi and X2 in a two-dimensional billiard table. Assume 
that there is a neighborhood [/ of 7 in X and two involutions Jk '■ U U , k = 1,2, acting as 
isometrics on U, such that Ji(xj) = Xj and J2(xi) = X2 and suppose that Ji and J2 commute. 
Denote by I{T n C/) = Z2 © the group of local isometrics generated by the restrictions of Ji 
and J2 to T n U. For any f £ C{T DU) we consider the average 

g£i{rnu) 

Corollary 1.3 Let {X,g) he a compact billiard table of dimension dimX = 2 with a smooth 
boundary V . Let 7 he an elliptic bouncing ball trajectory with end points xi and X2 satisfying the 
hypothesis above. Let [0, 1] 3 t ^ Kt £ C^(r,]R) be a continuous family of real-valued functions 
on r such that Af satisfy {Hi) — {H2) and let I > 3[2d] + 15/2, where d is the exponent in (Hi). 
Then for any t G (0, 1] there is an infinite sequence {y/cjfcgN such that limy^ = xi and 

^tiVk) = ^^{yk) for any A; S N. In particular, the Taylor polynomials of at xj, j = 1,2, 
of degree less than [£] + 1 do not depend on t G [0, 1]. 

Corollarv 11.31 will be proved in Sect. 14. li 

Theorem 1 1 . 1 1 can be applied also in the completely integrable case, for example for the ellipse 
or the ellipsoid, or more generally for Liouville billiard tables of classical type [2^ [2^ [5U] in any 
dimension n > 2. We are going to prove spectral rigidity of the Robin boundary problem for 
two dimensional Liouville billiard tables of classical type (see Sect. 14.21 for definitions). Such 
billiard tables have a group of isometrics I{X) = Z2 © Z2 which induces a group of isometrics 
/(r) ^ Z2 © Z2 on the boundary. Given / E C(r) we denote by f* its average with respect to 
/(r). We denote by Symm^(r) the space of all real- valued functions which are invariant with 
respect to I{T), i.e. a smooth function / belongs to Symm^(r) if / = . Applying Theorem 

I. 1 for Diophantine numbers of rotation uj , we show that any continuous weakly isospectral 
deformation of K in Symm^(r) is trivial. More precisely, we have 

Corollary 1.4 Let {X,g), dimX = 2, be a Liouville billiard table of classical type. Let Kt, t G 
[0, 1], be a continuous family of real-valued functions in C^iT, M) such that satisfy {Hi) — {H2). 
Suppose that i > 3[2d]-|-15/2, where d is the exponent in (Hi). Then = Kq for any t G [0, 1]. 

It seams that even for the ellipse this result has not been known. Using Lemma 2.1 and Corollary 

II. 41 we obtain that any continuous isospectral deformation of K in the sense of (jl.2p in Symm(r) 
is trivial. We point out that the Liouville billiard tables that we consider are not analytic in 
general and the methods used in [TT] and ^28j can not be applied. Corollary 11.41 will be proved 
in Sect. US 

In the same way we treat the operator A^ = A + 14 in X with fixed Dirichlet or Robin 
(Neumann) boundary conditions on F, where Vf G C^{X), t G [0,1], is a continuous family of 
real- valued potentials in X. The corresponding results are proved in Sect. 15.11 Injectivity of 
the Radon transform and spectral rigidity of Liouville billiard tables in higher dimensions is 
investigated in [29]. 
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2 Quasimodes and spectral invariants 

First we shall show that the isospectral condition (Hi)-(H2) is natural for any d > n/2. Given 
c > and a 3> 1 we consider 

To := {a > a : I Spec(A<,,i^) - A| < 2cA"'^| . 

Let us write Iq as a disjoint union of connected intervals [a^, bk], and then set = + ca^'^ 

and bk = bk — d>k'^ ■ We have bk — ak > 2c{a^'^ + '8^'^), hence, bk — Uk > c{a'j^'^ + '8^'^) > 0. 
Denote by X = 2 (Ag^x) the union of the disjoint intervals [ak,bk], k > 1. By construction 
ak+i — bk > ca^^-|^ since the intervals [a/c,6fc] are disjoint. 

Lemma 2.1 The setl (Ag^x) satisfies (Hi) for any d > n/2. In particular, the usual isospectral 
condition 1^1.2) implies (H2) - (H2) forZ = Z (Aq) and any d > n/2. 

Proof of Lemma 2.1. It remains to estimate the length of the interval [ofc, bk]. Let Ap < • • • < A,- 
be the eigenvalues of Ag^x in [«fc)^fc]- Then 

I - Aj+il < AcXj'^ 

for p < j < r. On the other hand, by Weyl's formula, Xj = 2v]^l'^(\ + o(l)) as j — > +00, where 
f > is a constant. Then choosing » 1, we get Xj > iij^/" for Xj G [ak,bk], and 

— V 2d f 2d l_2d X— — 

bk-a-k < C2_^r~ <C s~'~ds < CXp " < Ca^ " , 



where C stands for different positive constants. Hence, b^ — Ok < bk — Ok = o(l) for d > n/2, 
which proves the Lemma. □ 



2.1 Billiard ball map 

We recall from Birkhoff [2] the definition of the billiard ball map B associated to the billiard 
table {X,g) with boundary T. Denote by h the Hamiltonian corresponding to the Riemannian 
metric g on X via the Legendre transformation. The billiard ball map B lives in an open subset 
of the coball bundle 

i?T = {(x,e) GTT: hoix,0 < 1}, 

where Hq is the Hamiltonian corresponding to the induced Riemannian metric on F via the 
Legendre transformation. The map B is defined as follows. Denote by B*T the interior of B*T 
and set 

S*X := {(x, G T*X : h{x, = 1}, S = S*X\r := {{x, G S*X : x G F} , 

S± :={(x,OgS: ±{^,u{x)) > 0} . 

The natural projection vrs : S ^ B*T assigning to each (x,ry) G S the covector (x,r/|Ta;r) admits 
two smooth inverses 

7r±:i3*F^S±, 7r±(x,0 = (^,e^). 
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Take {x,(,) £ B*T and consider the integral curve exp(tX/i)(x, ^^), of the Hamiltonian vector 
field Xfi starting at (x, (,^) G If it intersects transversally S at a time ti > and lies entirely 

o 

in the interior 5* X of S*X for t € (0, ti), we set 

{y,V'~) = Jix,^~^) = eyip{tiXh){x,C+) G S" , 

and define B{x,S,) := {y,i]), where t] := ri_\xyr- We denote by B*T the set of all such points 
(x,^). In this way we obtain a smooth symplectic map B : B*T — > B*r, B = t\:y,° J ° ^r^t. As 
in [2DJ we can write vr^ in an symplectic invariant form as follows. Consider the pull-back ojq in 
T*X\-p of the symplectic form lo in T*X via the inclusion map. Then the projection along the 
characteristics of ujq induces the map vrs : S — > B*T. 

Denote by vrr : T*T — > T the inclusion map. Given (x,^) G B*T^ we denote by ^ = 9{x,^) G 
(0, 7r/2] the angle determined by sm.0 = (,^^,z^(x)), where (•,•) stands for the pairing between 
vectors and covectors. 

2.2 Quasimodes 

Fix a positive integer M. By a quasimode Q of Ag^x of order M we mean an infinite sequence 
(/Ug, Ug)gg_A4, being an infinite index set, such that are positive, lim /Xg = +00, Uq G C°°(X), 
||ug||2,2(x) = 1) and there is a constant Ca/ > such that 

/■ 

llAug - /x^nj < CMliq"^^ inL2(X), 

(2.1) 

9Mg/c?z^|r — Kuglr = 0. 

Denote by A{q) the action along the broken bicharacteristic starting at ^3 G A and with endpoint 
P{q) G a. Note that 2A[q) > is just the length of the corresponding geodesic arc. 

Theorem 2.2 Let K he a Kronecker torus satisfying (H^) with frequency given by U.3\) and 
exponent r > n — 1. Fix a positive integer M > 2 and I > M{t + 2) + 2n + (n — l)/2. Then for 
any K G&{r,R) there is a quasimode {iJ,q{K),Uq{K))q^_M of Ag^x of order M satisfying 112. 1\) 
and with an index set M C Z" independent of K , such that 

llq = ^1+ Cqfi + Cg,l(/i°)"^ + • • • + Cq^Al{fJ-q)~^' 

where 

(i) is independent of K and there is > such that /x^ > C^\q\ for any q £ Ai, 

(a) the function Cqj : C'(r,M) M assigning to each K G C'(r,M) the corresponding coeffi- 
cient Cqj{K) of fiq{K) is continuous. 

(Hi) the coefficients Cqj{K) and the constant Cm{K) in \2. 1\) are uniformly hounded on any 
hounded suhset B of C'(r,R), which means that there is C = C{B) > such that 
\Cm{K)\ < C and \cqj{K)\ < C for any q £ M, < j < M, and any K e B, 

(iv) Cqfi is independent of K and 

m-l .. ^ ^ 

CqAK) =c'q^^+c'lY, / — ^^^i' 
1=0 -^^3 
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where c' i is independent of K , and c{ 



Proof of TheoremUJl Denote by B the set of Kt, t G [0, 1]. Take M = [2d] + 1 > 2, the smahest 
positive integer bigger than 2d, and consider the quasi-eigenvalues lJ-q{t)'^, t G [0,1], given by 
Theorem 12.21 It is easy to see that for any g G C and t G [0, 1], 



d-, 



t,q 



Spec (At) - ^,q{tf\ < CMfigit) 



-M 



(2.2) 



Indeed, if dt^q / by (|2.ip and the spectral theorem we get 



— > ||(A,-/.,(t)2)-i|| > \\{A, - ^,^{tf)u,{t)\\-' > 



f^q{t) 



M 



d 



i,q 



Cm 



Now, for any q G A4, \q\ > go S> 1, and t G [0,1] there is Xt^q G Spec (A^) such that Xt.q > 
{C')-^\q\ and 



A 



t,q 



where C" > depends only on and Cn- 

Since ([2d] + l)/2 > d, we obtain by (H2) that the quasi-eigenvalue fiq{t)'^ belongs to the union 
of the intervals [uk — ca^'^/A, hk + cb^'^/i] for any q £ M with |g| > qo ^ 1 and any t G [0, 1]. 
These intervals do not intersect each other in view of (Hi) and since /ig(t)^ is continuous in [0, 1] 
it can not jump from one interval to another. Hence, for each q £ M with \q\ > qo there is 
k = k{q) such that fJ-qit)"^ G [a^ — + c6^'^/4] for any t G [0, 1], and we obtain 



?n— 1 

E 

j=0 



{Kt - Kq) o vrr 



sm( 



dfj^j 



„"i-i 



Cg,iW-Cg,i(0)| 



<|c;'|-V>,(i)-A^.(o)i + c'(/.o)-i<c' 



H-q 



/ig(t)+^,(0) 



|M,(t)^-/.,(0)2| + (;.0)-l 



<C"(6fc-Ofc + ca^^ + (^0)-i 



where C stands for different positive constants depending only on the constants and C in 
Theorem 2.2. Hence C depends neither on t nor on q. Moreover, k{q) — > +00 as (7 ^ 00 and in 



view of (Hi) we obtain lim e„ = which proves (jl.Sp 

q^oo 



□ 



3 Construction of continuous quasimodes 

3.1 Reduction to the boundary. 

We are going to use an outgoing parametrix for the Helmholtz equation with initial conditions 
on r. In the time dependent case such a parametrix has been constructed by Guillemin and 
Melrose jl2| . Without loss of generality we can suppose that B^{K) ^ A for 1 < j < m. 

Set Aj = B^(A), j = 0,1, ... ,m, where = -P(A) = A. Since uj is Diophantine, P acts 
transitively on each Aj, hence, Aj n Aj = if < |z — j\ < m and m>2. Choose neighborhoods 
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Uj C B*T of Aj, < j < m, such that C^j+i is a neighborhood of the closure of B(Uj) for 
j = 0, . . . ,m — 1, m > 1, and Uq C f/m, and such that C/j n f/j = if < \i — j\ < m and 
m > 2. We denote by {X,g) a C°° extension of {X,g) across T such that any integral curve 7 
of the Hamiltonian vector field X-^, h being the corresponding Hamiltonian, starting at 7r^{Uj), 
J = 0, . . . , m — 1, satisfies 

7nr*X|rC7r+(t/,)U7r^(C/,+i). (3.1) 

Then 7 intersects transversally T*X|r and for each q £ Uj there is an unique Tj{g) > such 
that 

exp{T,{e)X~^){7T+{e))e7r^{B{U,)). 

Let ipj{X), j = 0, 1, . . . , m, be classical A-pseudodifferential operators (A-PDOs) of order on F 
with a large parameter A and compactly supported amplitudes in Uj |21j such that 

WF'{Id-iPj)nAj = 0, 

and 

WF'(^j+i) C B{Uj) , WF'(Id - Vj+i) n 5(WF'(V'j)) = for j = 0, . . . m - 1 . (3.2) 

Hereafter WF'(^j) stands for the frequency set of ipj [21], and by a "classical" A-PDO we mean 
that in any local coordinates the corresponding distribution kernel is of the form (IA.4P where the 
amplitude has an asymptotic expansion q{x,^,X) ~ Z^fc^o ^*:(^' 0A~'^ and qk are C°° smooth 
and uniformly compactly supported. In particular the distribution kernel OP\{q){-, •) is smooth 
for each A fixed. We take A in a complex strip 

V := {zeC: \lmz\ < Dq, Rez > 1} , 

-Do > being fixed. 

We are looking for a microlocal outgoing parametrix Hj : L^{T) C°°{X), of the Dirichlet 
problem for the Helmholtz equation with "initial data" concentrated in Uj such that 

ViVGN, {A- X^)Hj{X) = ONi\X\'^) (3.3) 

in a neighborhood of X in X. Hereafter, 

0,v(|A|-^) : L\T)^L\X) 

stands for any family of continuous operators depending on A with norms < Civ(l + |A|)~^, 
Cn > 0. We shall denote also by 

0^(|A|-^) : L\T)-^L\T) , 

any family of continuous operators depending on A with norms uniformly bounded by CAr(l + 
lAI)"-^, Cn > 0. We take iV = M to be the order of the quasimode we are going to construct. 

The operator Hj is a Fourier integral operator of order 1/4 with a large parameter X G T) 
(A-FIO) the distribution kernel of which is an oscillatory integral in the sense of Duistermaat [7] 
(see also |21)). In any local coordinates its amplitude is C°° smooth, it is uniformly compactly 
supported for X £ D and it has an asymptotic expansion in powers of A up to any negative 
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order. In particular, Hj{X)u is a C°° smooth function for any fixed A and u £ L^(r). The 
corresponding canonical relation hes in T*T x T*X and it is given by 

q := {{g; exp{sXj^){Tr+{g))) : g £ Uj , -e < s < + e} , e > . 

We parameterize it by {g,s). Consider the operator of restriction : C°°{X) C°°(r), 
Zp(it) = ii|r, as a A-FIO of order 0, the canonical relation TZ of which is just the inverse of the 
canonical relation given by the conormal bundle of the graph of the inclusion map i : T ^ X. 
Notice that the composition TZ o Cj is transversal for any j and it is a disjoint union of the 
diagonal in Uj x Uj (for s = 0) and of the graph of the billiard ball map B : Uj ^ ^j+i (fo'^ 
s = Tj). Let ^'j(A) be a A-PDO of order such that WF'(^j -Id)nWF'(?/;j) = 0. Taking ^'^(A) 
as initial data at F for s = and solving the corresponding transport equations, we obtain an 
operator Hj{X) satisfying (j3.3p and such that 

i*rHjiX) = M/,(A) + G,(A) + OA./(|Ar*0 , (3.4) 

where Gj{X) is a A-FIO of order 0, the canonical relation of which is the graph of the billiard ball 
map B : Uj ^ f^i+i- Moreover, its principal symbol is equal to 1 in a neighborhood of WF'{'ipj) 
modulo Maslov's factor times the Liouville factor exp{iXAj{g)), where Aj{g) = /^.(g-j £,dx is the 
action along the integral curve jjig) of the Hamiltonian vector field Xj^ starting at g £ Uj 
and with endpoint B{g) G Uj+i. In particular, the frequency set WF' of Gj{X) is contained in 
Uj X f/j+i for any j = 0, . . . ,m — l. Note that 2Aj(g) is just the length Tj{g) of the corresponding 
geodesic jj{g) in X and we have 

{eM'^Aj{g)Xj;){TT+{g))) = B{g) , g £ U, . 

Fix a bounded set 13 in C'(F,R) and take K £ B. Consider the operator N = d/dv — K va. a 
neighborhood of F in X, where is a normal vector field to F and X is a C'-smooth extension 
of K with compact support contained in a small neighborhood of F. To construct K we extend 
K as a constant on the integral curves of v and then multiply it with a suitable cut-off function. 
In this way we obtain a continuous map K K from C'(F,M) to Cq(X,M). 

Suppose first that m = 1. Then A = B{K) and Uq U B{Uo) cUi. Set G(A) = iJo(A)V'o(A). 
We have (A - X'^)G{X) = OAf(|A|"^^) in a neighborhood of X in X, in view of ([331). To satisfy 
the boundary conditions we should have Af G{X) = Om(|A|^^^). Using the symbolic calculus 
and (j3.2p we obtain 

AAG(A) = V'i(A)(Ai?+ + K) V'o(A) + V'i(A)(Ai?r + K) Go(A)V'o(A) + Om{\X\-^) • 

Here, Rq{X) is a classical A-PDO of order on F independent of K, with a Cg°-symbol in any 
local coordinates, and with principal symbol 

a{R^){g) = i\J\ - ho{g) , g £ Uq , 

and is a classical A-PDO of order on F independent of K with principal symbol 

(^(RDie) = -Vi - ^o(^) , g£Ui. 

We consider the following equation with respect to Qi 

V'i(A) [XR^iX) +K + (Ai?+(A) + K)Q,iX)] = Ob(|A|-^) , (3.5) 
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which we solve using the classes PDOi 2,M(^',t3; A) defined in the Appendix. Hereafter, 

Oisi\X\~'') : L\T)^lHT) 

denotes any family of continuous operators depending on K £ B and on \ £ D with norms 
uniformly bounded by Cg(l + |A|)~*^, where Cb > is a constant independent oi K £ B and A. 

Let 5(A) be a classical A-PDO such that WF'{SR^ - Id) n WF'(^i) = 0. The solution of 
(|3.5p is given by 

Qi=Qi + X'^Q\ 

where 

M-2 

qO = -5i?^ and Ql=Yl X-^-SKy+\ld - SR^) . (3.6) 

j=0 

The operator Q\{X) belongs to PD0i,2,M(r; ^; A) in view of Remark A. 1, and it is well defined 
modulo Og(|A|~^'^). The corresponding principal symbols are 

/^On/ -, /^U/ 2iK(x) 2iK(x) 



y/l-ho{x,C) sin0(x,e) 

in a neighborhood of WF'(ipi) in Ui. In this way the equation 

i*^MGiX)v = OM{\X\-^'^)v 

reduces to (iy(A) -Id)V'o(A)i' = OfsdAI'^^-^)?;, where VF(A) := Qi(A)Go(A). 

Suppose now that m>2. In order to satisfy the boundary conditions at f/j+i, < j < m — 2, 
we are looking for a A-PDO Qj+i(A) such that 

V^,-+i(A)zJ AAi7,+i(A)Q,-+i(A)G,(A) + ^,+i{Xy^N Hj{X) = Ob{\X\-''') • (3.7) 

Using the symbolic calculus we write 

V',+l(A)^J MH,+r{X)Q.j+^{X)G,{X) = ^l,,+^{X){XR+^^{X) + K)Q,+i{X)G,{X) + Om{\X\-^') 

where R^j^^{X) is a classical A-PDO of order on P independent of with a C^-symbol in any 
local coordinates, and with principal symbol 



In the same way we obtain 

V',+l(A)^f AAi/,(A) = i;j+i{X){XRj^, + K) G,-(A) + Om(|A|-^^), 
where Rj^i is a classical A-PDO of order on P independent of K with principal symbol 



Then (j3.7p reduces into the equation 

V^,+i(A) f(Ai?+., + K)Q,-+i + Ai?-,i +k\= Ob(\X\-^) (3.8) 
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on f/j+i, which we solve as above in the classes PD0i^2,A/(r; B; A). More precisely, we obtain an 
operator 

Qj+i = Qj+i + ^^^Qj+i 

which is well defined modulo Ob(| Al"^"^^^), where Q^^i is a classical A-PDOs of order indepen- 
dent of K and with a C°° symbol, and Q^^i G PD0;^2,M(r; i3; A). The corresponding principal 
symbols are 

N/ >N -, N/ 2iK(x) 2iK(x) 

.o(0?«)(x,0 = 1 . .„(Oj«)(x,f) = ^^=ii^ = 

in a neighborhood of WF'(^j_|_i) in C/j+i- 

Consider the operator G(A) : C°°(r) ^ C7°°(X) defined by 

m 

G(A) = i/o(A)Vo(A) + ^i?fc_i(A) (n^toQj+i(A)G,(A)) Vo(A) . 

fc=2 

Using ([32]) - ([33]) and ([321) we obtain 

f (A-A2)G(A) = Ob(|A|-^), ^ 

\ zfAAG(A) = V'„(A)(Ai?++/^)V'o(A)+V'„^(A)(Ai^- +K)VF(A)V'o(A) + Oe(|A|-*0, 
where 

W?(A) =z^i/^_i(A)n--2(V.,+i(A)Q,+i(A)G,(A)) , 
and Rq and are defined as above. As in (j3.5p we find = Qm + A^^Qm such that 

iPmiX) [XR;n +K+ {\Rt + K)Qm{\)\ = Ob{\\\'^') , 

where Q^, = 0, 1, above. Denote 

W{X) := Q„,{X)W{X) = (V^,+i(A)g,+i(A)G,(A)) . 
Then the boundary problem above becomes 

f (A-A2)G(A) = Oh(|A|-*0, 

\ i*^MG{X) = Vm(A)(Ai?+ + K)(Id - H^(A))V'o(A) + OB(|Ar*^). 

In this way we reduce the equation M G{X)v = Os{\X\^^'^)v to the following one 

iWiX)-ld)MX)v = Ob{\X\-^'-')v , (3.9) 

Set S{X) := lVJlrQGj{X). By construction Gj{X) is elliptic on WF^ipjQj), and using Lemma 
A. 2 we commute Gj{X) with 4'jQj- Since PD0i^2,Af(r; ;B; A) is closed under multiplication (see 
Remark A.l), we obtain another A-PDO of the same class which we commute with Gj+i(A) and 
so on. Finally, we obtain 



WiX) = ^^{\) {Q\\) + A-iQi(A)) 5(A)V'o(A) + OeiX 



-M-l\ 
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Here, Q^{X) is a classical A-PDOs on F with a C°° symbol independent of K and with principal 
symbol 1 in a neighborhood of A, and £ PD0;^2,A/(r; B; A). By Egorov's theorem (see Lemma 
A. 2) the principal symbol of Q^(A) is 

in P{Uo). The operator S{X) does not depend on K, and it is a classical A-FIO of order with 
a large parameter X £ T>. The canonical relation of S{X) is given by the graph of the map 
P = B"^ : Uq Um, and the principal symbol of ^(A) equals one modulo a Maslov's factor 
times the Liouville factor exp{iXA{x,S^)), (x,.^) G P{Uq), where A{x,(,) = XIJ^^ '^"')- 

3.2 Birkhoff normal form of P . 

We are going to use a symplectic Birkhoff normal form of P in a neighborhood A (cf. [19]. 
Proposition 9.13). Choose a basis of cycles 7j, j = 1, . . . , n — 1, of the first homology group 
Hi{A, Z), and set 1° = {if, . . . , where /° = (27r)~i / ^dx. Then Proposition 9.13, ^9\, 

provides an exact symplectic transformation x mapping a neighborhood of T"~^ x {I^} in T*T^~^ 

o 

to a neighborhood of A in i?* F such that 

(i) x(T"-i X {/O}) = A, 

(ii) the symplectic map P^ := ° P ° X has a generating function of the form 

<^{x, I) = {x, I) + L{I) + R{x, I), xe M"-i , |/ - Jol < 1 , 
i.e. P''(V/$,I) = (x,V2:<I>), where R is 27r-periodic in x, 

(iii) VL(/°) = 27rw and dfR{x,I^) = 0, for any x G and a E N"-^ 
In particular, we obtain 

ViVGN, P\^,I) = {cp-VL{I),I) + ON{\I-Iof). (3.10) 

Consider the "flow-out" T = T" of A by the broken bicharacteristic flow of h in T*X. The 
broken bicharacteristic flow of h can be extended continuously in the compressed cotangent 
bundle. Moreover, one can use the method of the symplectic gluing ( [19], Chapter 1.4, see 
also [29], Appendix) to extend it smoothly across the boundary near Aj, j = 1,... ,m — 1. 
More precisely, there exists an unique smooth symplectic gluing of the symplectic manifold 
T*X across a neighborhood U C T*X\y of U^JlTiAj into a symplectic manifold T*X and an 

unique extension of /i to a smooth hamiltonian h on T*X such that the canonical projection 
p : T*X U [/ — > T*X is a smooth symplectic map on its interior T*X, and h o p = h. In 
this way, the broken bicharacteristic flow is represented locally by the smooth Hamiltonian flow 
(t, q) — > exp(tX^)(ij), Q G T*X, and the flow-out of A is a smooth lagrangian torus T in T*X, 
invariant with respect to the flow of h. Now A can be considered as a smooth section of T, P can 
be identified with the corresponding Poincare map and 2A{q), q £ A, is the first return time. In 
particular, there is a diffeomorphism : T — > T" conjugating the restriction of the Hamiltonian 
flow of /i on T to the linear flow {tp, ipn) (</?, ^n) — t{<jJ, 1), (</?, ^n) G T". Recall that uj satisfles 
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p.3|) . Hence, the restriction of the flow of /i to T is uniquely ergodic, i.e. there exists an unique 
probability measure djl on T which is invariant with respect to the flow oh. h. It is given by 
{2TT)~"-(f)*{d(fdLpn)- Now, we choose the constant L{I^) as follows. Let = G A. We 

denote by 'jniip^) the broken bicharacteristic arc in T issuing from and having endpoint at 
P{p^), and by 7n2(p'^) := x{^^ + (■^ — l)27rci;, /''), s G [0, 1], the arc connecting P{p^) and p^ in 
A. Let 7n be the union of the two arcs. We denote by L{I^) the action along 7„, i.e. 

L(/°) = / Cdx. (3.11) 

J "In 

Note that the integral above depends only on the homology class of the loop 7„ in the Lagrangian 
torus T . We can give now a geometric interpretation of L which will be needed later. The 
Poincare identity gives 

P*{idx) =idx + dA, 

where ^dx is the fundamental one form on r*r and A{p), p = x((^,/), \I — I^\ <^ 1, stands 
for the action along the broken bicharacteristic 7ni(p)- Since x is exact symplectic we have 
X*{^dx) = I dip + d"^ with a suitable smooth function ^ G C°°(T*T"~^). Combining the two 
equalities we obtain 

(P°)*(/d(^) - Idif = d{{A o x) + ^' - ^ o pO). 
In view of (j3.10|) this implies 

1(1) - (/, VL(/)) = Aixiip, I)) + ^(^, /) - ^{P^v, I)) + 0,i\I - ir) (3.12) 

for any p G N modulo a constant C G M. Notice that C should be zero since for 1 = 1^ and 
w = VL(/0)/27r we obtain using ([3TT|) 

L(/°) - (/°, VL(/°)) = L(/°) - 2^(/°, = [ I^dif 

= [ idx + ^{^^ /O) - M'(/ - 27r^, /O) = A(x(/, 1°)) + ^(/, /°) - ^(P°(/, /°)) , 

where 7°^ := X~^ {lni{p^)) ■ 

Set = P^{g^) = xi'f^ ~ 27rja;,/'^). The measure dp = {27:)^^^^x*id^) A is invariant 
with respect to the map P : A ^ A which is ergodic since 2ituj satisfies (|1.3p . and we get 

1 r 

L(/°) -2^(/°,tj) = lim -V ^(£.^) = / A{g)dp > (3.13) 

for any < j < m — 1. 
3.3 Quantization of x- 

Using the restriction of x to T"~^ x {I^}, we identify the first cohomology groups H^{A,Zi) = 
H^(T^~^ ^Ij) = Z"~-^, and we denote by ??o £ the Maslov class of the invariant torus A. As 
in [3] we consider the flat Hermitian line bundle L over T"^^ which is associated to the class ■i?o- 
The sections / in L can be identified canonically with functions / : M"^-*^ ^ C so that 

f{x + 27Tp) = e'^^^^'P^fix) (3.14) 
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for each x G ^ and -p ^11^ ^ . An orthonormal basis of L^(T" -^,L) is given by e^, A; € ^ ^ 
where 

efc(x) = exp(i(A; + i?o/4,x)) . 

We quantize the canonical transformation x as in [4j. More precisely we find a classical A-FIO 
r(A) : C°°(T"'~^,L) — > C°°(r) of order the canonical relation of which is just the graph of x 
and such that WF'(r(A)r(A)* - Idr) n BiJJ^) = 0. We suppose that the principal symbol of 
r(A) is equal to one in T"^^ x modulo the Liouville factor exp(zA^'((/?, /)), where is a 
small neighborhood of Conjugating W{X) with r(A) and using Lemma A. 2 and Remark A.l 
we obtain 

T(A)*T^(A)r(A) = [r(A)* (Q0(A) + X-^Q\X)) T(A)] [T(A)*5(A)r(A)] 

where G Z is a Maslov's index and Wi(A) is a A-FIO operator of order of the form 

mWu{x)=(—) [ e^^(<^-2^'^>+*(^'^))u;(x,/,A) J(x,/)S(y)d/dy, (3.15) 
u G C°°(T"-i,L), where 



-1/2 

J(x,/) 



det ( IdK2n-2 

The symbol w{x,I,X), {x,I) £ W^~^ x D, is 27r-periodic with respect to x and uniformly 
compactly supported in I £ D, where D is a small neighborhood of I^, and it is obtained by 
means of Lemma A. 2 and Remark A.l. We have w = wq + X~^w^, where wq € C°°(]R"'~^ x D) 
is independent of K, wo{x,I) = 1 for {x,I) G M"^^ x D^, being a neighborhood of I^, and 

M-l 

i=o 

Moreover, 

/) = iw',{x, I) + 2iY,( — ^ {B-^x{M^),m ' (3-16) 

where w'q is a (7°° real- valued function independent of K and ttq : W"^^ -j-n-i -g ^j^^ canonical 
projection. The phase function is given by I) = L(l') + /) + C, where C is a constant, 
since the canonical relation of Wi(A) is just the graph of . Comparing the Liouville factors 
in the principal symbols of W\{X) and W(X) and using (13. lip and (I3.12|) . we obtain as in 
that C = 0. Moreover, 

VA^gN, J(x,/) = l + 07v(|/-/°r)> 

since R is flat at 1 = 1^. 
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3.4 Homological equation and Quantum BirkhojJ Normal Form. 

The frequencies I of the quasimode we are going to construct will satisfy I — ~ A^^, where 
are the corresponding quasi-eigenvalues. For that reason we consider the Taylor polynomials 
of the symbols at / = up to certain order. Moreover, we are going to deal with the small 
denominator condition (jl.Sp and we shall solve the corresponding homological equation on T"~^. 
To this end we use weighted Wiener spaces ^*(T"'~^), s > 0, which are defined as follows. Given 
u £ C(T"~^), we denote by Uk, k £ the corresponding Fourier coefficients, and for any 

s G M+ := [0, +oo) we define the corresponding weighted Wiener norm of u by 

||m||, := Yl + 

where \k\ = |A;i| + • • • + l/cn-i] for any k € We denote by ^*(T"~"^) the Banach space of 

all u E C(T"-i) such that < oo. We list below some useful properties of these spaces. If 
u e ^*(T"-i) and a G with |a| < s, then d°'u G ^'^-l"l(T"-i). The space ^''(T""!) is a 

Banach algebra, if u, u G ^'^(T"^-'-) then \\uv\\s < and if n / 0, then 1/u G ^''(T'^"-'-) 

as well. Moreover, the following relations between Wiener spaces and Holder spaces on the torus 
TP, p > 1, hold 

for any s > and q > s + p/2, and the corresponding inclusion maps are continuous. The first 
relation (cf. [1, Sect. 3.2]) is a special case of a theorem of Bernstein (p = 1) and its general- 
izations for p > 2. Wiener spaces are perfectly adapted for solving the so called Homological 
equation 

Cu,u{ip) := u{lp - 2ttu:) - u{ip) = f{ip). (3.17) 

We have the following 

Lemma 3.1 Let uj satisfy the small-denominator condition lil.3\) and s > t. Then for any 
f G ^*(T"-i) satisfying 

f{ip)dip = 



the homological equation 



^iuU = f , / u{(f)d(p = 



has a solution u G r^qp" i). Moreover, the solution u is unique and it satisfies the estimate 



,-1 



Proof. Comparing the Fourier coefficients Uk and /fc, / /c G ^, of u and / respectively, we 
get 

Uk = r. i-^-j-, n- , k^O, 

1 — exp[27n{K, oj)) 



and set uq = 0. Using (jl.Sp we obtain 

|1 -exp(27ri(A;,u;))| = 2| sin(7r(/c„ - {k,uj)))\ > 4k|A;|"^ > 4k(1 + \k\y 
for k ^ 0, where kn — {k,uj) G (—1/2,1/2). Hence, 

\uk\ < {4Kr\i + \K\y\fk\, fc/o. 
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Since /o = 0, summing up we get the function u and the estimate of ||ti||5_T-. In this way we 
obtain an unique solution u £ ^^-^(T"-i) of iKT7\} normahzed by Jj„., u{lp) dip = 0. □ 

Let tp G C^{D) and ^ = 1 in a neighborhood of . For any £, I > 2, s > 2 and a positive 
integer > 1 such that / > sN + 2n, and for any bounded set B C C^(r,R) we denote by 
Ai^s,n{'^"'~^ X D;B; A) the class of symbols depending on e ;B of the form 

a{Lp,I,X) = aj,K{^,I)\-^ , 

(3.18) 

^ aj^Kiy^J) = V'(-^) E|a|<iV-j-i(-^-^°)"aj>,i^(<^) 
where aj,a,K = dfaj^K{-,l'^)/oi\ £ ^'~*-'~l"l(T"'~-'^), and such that the corresponding map 

C'^(r,M) dB3 aj^a^K G ^'-«J-l°l(T"~i) 

is continuous. We also say that r belongs to the residual class of symbols i?Ar(T"^^ x D; B; A) if 

f r{ip,I,X) = Efjo^rj^K{^,I)X-^ , 

where rj,a,K S Cg (T"~^ x D), the support of rj^a,K is contained in a fixed compact set in 
T""^ X D independent of K, and ||rj^Q,^i^||cn < Cb, where Cb > does not depend on K E ;B. 
Note that the factor space Ai^s,n/Rn does not depend of ip. The choice of the residual class is 
motivated by the proof of Proposition 13. 51 below. From now on we will drop the index K keeping 
in mind that the corresponding symbols depend on K. 

Proposition 3.2 Fix I > M(r + 2) + 2n and £ > l + {n — l)/2, and suppose that K belongs to a 
hounded subset B of C\T ,R) . Then there exists a X-PDO A{X) of order acting on C°°(T"-\L) 
and a X-FIO W"{X) of the form [3A5\) such that 

Wi{X)AiX) = A(A)VF°(A)+ii°(A) + Ob(|A|-^-1), 

where the full symbols of A{X) and ofW^{X) have the form 

aiA){ip,I,X) = aoil) + X-'a^i^,I,X) , aiW^)i^,I,X) = poil) + X-ViI,X) , 

with ao,po G Cq^{D), ao{I) = Po{I) = I in a neighborhood of , and 



' aO G ^j_,,,+2,m(T"-i X D-B;X) 



and where the maps C^(r,M) 3 K ^ pj^a £ C, j + \a\ < N — 1, are continuous, and 



(3.20) 



(2^ / . ^oiv>,l')dip. (3.21) 



Moreover, is a X-FIO s of the form i3.15\) with symbol 



M+l 

^°A-^' G Rm+i{T'-' X D; B, A) , (3.22) 

j=0 
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Proof. Given / G C'^(T" ^ x D) we denote by T/v/ its Taylor polynomial with respect to / at 
/ = I^, i.e. 

Q<\a\<N 

where faiv) — 9f f{ip, I^)/al are the corresponding Taylor coefficients. In this notations, 
''^raiv) = dfw^.{if,I^)/a\. We need the following 

Lemma 3.3 Let A{X) and W°{X) have symbols ao{I) + A"^a°(v3, 1, A) and poil) + X^^p°{I, A) 
respectively, where ao{I) = Po{I) = 1 in a neighborhood of , and a^ and p^ satisfy 113. 20\) 
with I > M{t + 2) + 2n and i > I + {n - l)/2. Set 

R{X) ■= VFi(A)^(A) - A{X)W°{X). 

Then 



R{X) = X-^Ri{X) + i?°(A) + Ob(|A|- 



-A/-l^ 



where Ri{X) and R^{X) are X-FIOs of order of the form ^3.15]) . The symbol of R^{X) satisfies 
i3.22]) . the symbol of Ri{X) has the form 

M-l 

Ri{^,I,X) = RijivJ))^-', 

j=0 

and for any < j < M — 1 we have 

Rij{^, I) = -Xu a]{^, I) + TM-j-iw%^, I) - p]{I) + h^ji^, I) . (3.23) 

Here h^ = 0, and h^ = — gj for I < j < M — 1, and the Taylor coefficient fjai^)' \^\ — 
M — j — 1, of fj at I = is a linear combination of terms 

' dl^al^iif - 27ruj) : + I7I < \a\, I7I < \a\, 

9^a0^(v? - 27ru;) : ^ < j - 1, + I7I < 2(j - s) + |a|, 

and of 

^ w^^^s{^)d!^al^{ip - 2ttuj) : r + s < j - 1, |/3| + |,5| + I7I <2{j-l-r-s) + \a\, 
while the Taylor coefficient g^ ^{ip), \a\ < M — j — 1, of gj at I = is a linear combination of 

p% a°_fc_i,^(c^) : 0</c<i-l,/3 + 7 = a. (3.25) 
Remark 3.4 /i^ does not depend on a^ for r > j. Moreover, h^ ^ does not depend on a^^ for 

h\ > 

The proof of the lemma is given in the Appendix. We proceed with the proof of Proposition 
Recall that for each \a\ < I — 2j the map 
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is continuous since i > I + {n — 1) /2. We are going to find p^^, G C and 

aj,„ e ^'-^-j(^+2)-l"l(T"-i) , < j < M - 1 , \a\<M-j-l, 
so that = 0. Moreover, we shall prove by recurrence that the maps 

K^pl^eC, aj^c. G j(-+2)-l"l (T"-i) (3.27) 

are continuous with respect to K ^ C'(r,M). For j = we have ho = 0, and we put 

Setting u = ao,a and / = Pq^^ ~ '^'j a obtain from (13.230 the homological equation ()3.17p . 
Then using (j3.26p for j = and |a| < M — 1 and applying Lemma |3. II we obtain that pj] ^ E C 
and we prove that the corresponding maps (j3.27p are continuous. 

Moreover, 

Fix 1 < J < M — 1 and suppose that the inductive assumption holds for all indices k < j — 1. 
Using p.24p and (j3.25p we are going to show that the maps 

K ^ hj^^ £ ^l-jir+2)-\a\^jn-l^ ^ \a\ < M - j - 1 , 

are continuous with respect to A' G C^(r,M). The term d^aP^^ of the first part of (j3.24p belongs 

to^P(T"-i), wherep = ^-j(T + 2)-|/3 + ' 
part of (f3:2tp belongs to ^^(¥""1), where 

p:=l-T-s{T + 2)-\l3\-\-i\>l- (s + 1)t - 2j - \a\ > l-j{T + 2) - \a\. 

Consider now the terms of the third part of (I3.24p . We have G C^(T^~^), where 

p :=i-2r-\5\ > {n-l)/2+l-2r-\5\ > (n-l)/2+/-2(j-l)-|a| > {n-l)/2 + l- j{T + 2)-\a\ 

hence, w^^ G j\i--ji-r+2)-\a\^jn~i-^ g^^^ depends continuously on G C^{T,R). Moreover, 
dl^as^yi^p — 2'KijS) belongs to ^^(T""^), where 

p - r - s(t + 2) - 1/3 + 7| =/ - (s + l)r - (2s + I/? + 7|) >/ - jir + 2) - \a\ , 

hence, d^a^^^{ip — 27ru;) belongs to ^'^j('^+2)-|°l (T"^^) and it depends continuously on G 
C\T,R). We have proved that G ^^-i(^+2)-|"l (t^-I) and that it depends continuously on 
K G C^(r). In the same way, using lK25\\ . we obtain that gf^ G ^'-i(^+2)-|"l (^"-1) and that 
it depends continuously on G C^(r,M). As above we prove that G ^'-•?'(^+2)-l"l (T"-^) 
depends continuously on K G C^(r,R). 
We set as above 



J>7 

to^P(T"-i), wherep = Z-j(T + 2)- 1/3 + 71 > / - jX^" + 2) - |a|. The term 9^a°^ of the second 
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Obviously it depends continuously on K G C^(r, M). Setting u = aj^a and / = P^j a~'^^j a~^^j-a £ 
ji-j{r+2)-\a\^jn-i-^^ |a| < M - j - 1, we solve (fXTTD by Lemma EH first for a = 0, then for 
\a\ = 1, and so on, and we prove as above that the maps (j3.27p are continuous. In this way 
we obtain symbols and satisfying (I3.20p and such that Rij = for 1 < j < M — 1. 
Now Lemma implies that R{X) = R°{X) + Ob(|A|-*^-1), where R°{X) satisfies This 
completes the proof of Proposition 13.21 □ 

Taking into account (j3.16p and (j3.2ip we obtain 

771 — 1 m — 1 

where c is independent of K. 

Consider the A-FIOs W^{X) and i?i(A) given by (j3.15p with phase function and ampli- 

tudes po + A-V, = Ef=o^Pp)>^'', and r = ro + X'^r^, r^{ip,I) = Y.fjo^r%vJ)^-', 

respectively, which are uniformly compactly supported with respect to / in We are going to 
find a "spectral decomposition" of W^{X) and R{X) as A ^ oo in D. Since A G P is complex, 
we consider an almost analytic extensions of order 3M of the phase function $ in I = ^ + i?] 
given by 

|a|<3Af+3 

It is easy to see that di^{x,^ + irf) = 0{\r]\^^^^^). In the same way we construct an almost 
analytic extension of order M of the function which was used in (j3.20p . We have '^{i + ir}) = 1 
in a complex neighborhood of and + = for ^ D. 

Proposition 3.5 Fix C > 1. Then for any X £ V, \X\ > 1, and any k G Z"^-'^, such that 
\k\ < C\X\ we have 

H^°(A)efcM = e^^*('^'(^+''°/^)/^)(po + A-V)((A; + ^?o/4)/A,A)efcM + Ob{\X\-^'-') , (3.29) 
and 

R[X)eu{^) = Os(|Ar^-^-i + |I° -{k + T?/4)/A|^^+i) . (3.30) 
The proof of the proposition is given in the Appendix. 

3.5 Construction of quasimodes. 

The index set M. of the quasimode Q we are going to construct is defined as follows. We say 
that the pair q = {k,i) G Z"~^ x Z belongs to Ai if there exists /x^ > 1 such that the following 
quantization conditions hold: 

fi°g{l'^,L{l'^)) = (A; + T?o/4, 27r^ - 7r^9/4) + 0(1) , (3.31) 

as \q\ = \k\ + \i\^ oo. We have (/°, L(/°)) / (0, 0) in view of (IXT3]) . hence, there is C > such 
that fi'^ > C\q\. Note that (I3.3ip still holds if we replace fig by 

Ag5(//0) :={AgC : |A-//0| <C7o}, 
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where Cq 1 is fixed. Moreover, the estimate 0(1) in (j3.3ip remains uniform with respect to 
q£M and Xg Using iK29\i for q £ M and A G 5(^0) we obtain 

Wo{X)ek = Zg{X)ek + OBi\X\-^'-^)ek , 

where 

Zg{X) = e^^L{{k+i)o/4)/x)+i^i)/4 ^ A-^p°((A; + ^i?o/4)/A, A)) 
= exp [iXL{{k + ^o/4:)/X)+iTT^/i + Log (l + A" V((A; + i?o/4)/A, A))] , 
where Log z = In |2:| + i arg z, — vr < arg z < tt. On the other hand, (j3.30p and (j3.3ip imply 

RiX)ek = OB(|Ar*^-i)efc for A G . 

Hence, 

W,iX)AiX)ek = (e-''/4z,(A) + OedAr^^-i)) . (3.32) 
We are going to solve the equation 

e-'^/%(A) = 1, AGi?(/iO), 

modulo Ob{\X\^^^-^). To this end we are looking for a perturbation A = /ig of ^u^ such that 

+ ^?o/4)//ig) + 7n?/4 

+iLog (l + /i-y((A: + = 27re + OB{\fiq\-^'-^). 
Introduce a small parameter Eg = (fig)^^. We are looking for 

= + Cg,0 + Cg,ieq H Cg^M-l^g , 

< 

Cg = + ^g,0£g H bg^M-l^q^ + bg^M^q^^^ 

such that 

< 

^ /i,L(Cg) = 27r^-7rt?/4-iLog(l + M,V(Cg,/^g)) + Of?(ef+'). 

Recall that 

\a\<M-m-l 

Then 

M 

Log (1 + ^lg^p\Cq,^iq)) = Y,ug,,e{ + OB(ef +1) , 
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where polynomials of Cq^rn and hq^rn: < m < j — 2, the coefficients of which are 

polynomials of q,, m + |a| < j — 1. Moreover, Uq^i = pg q. Using the Taylor expansion of L[I) 
at up to order M + 1 as well as (|3.3ip we obtain for < j < M the following linear system 



L{I^)Cq^j+2TT{uj,bq^j) 



W, 



where Vqj and Wqj are polynomials of Cq,m and bq^m, < m < j, the coefficients of which are 
polynomials of ^, m + \a\ < j . In view of (|3.13p . the corresponding determinant is 



L(/0)-27r(/0,w) 



A{q) dfi>0, 



(27r)'"-i 

and we obtain an unique solution {cqj, bqj), < j < M — 1. More precisely, 

= _ 27T{I^,u;))-HVqj - 27T{u;,Wq,)) 



-'1,3 



h3^ ■ 



We choose bq^M so that Hq(q = k + "do/A. We have 

W^g,o = + V4-/i°/° = 0(l), 

Vq,o = 27Te - 7rt?/4 - = 0(1) , qeM, 

in view of ()3.3ip . Hence, bqfi and Cq^ are uniformly bounded and they do not depend on K. By 
recurrence we prove that bqj and Cqj are continuous with respect to K and uniformly bounded 
with respect to q ^ Ai and K £ B. For j = 1 we obtain 

Wq^l = -Cqfibqfi 

Vq,i = -27r(a;,6,,o) - i(V2L(/0)6,,o, 6,,o) - Xo' 



and we get 



Co,i 



m—l 

E 



iiT o TTr 



A . sm f 



where does not depend on K. 
For each g = (A;, G we set 

Vq := T{fIq)A{fiq)ek and := G{Hq)Vq = G{fIq)T{Hq)A{fJ,q)ek ■ 

Then using ()3.32p . we obtain 



and we get 



iWif,q)-ld)v'q=OBM-''-')v' 
A - Uq 



1 ' 



(3.33) 



2^ „,o 

■q 

r 



OB(|M,|-^^)nO inX, 



Os{\^^,\-'')u'^q 
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Lemma 3.6 There is C > 1 such that 

C-'<\\4\\lhx)<C 

for any q & Ai. 

Proof. The operator T(X)A{\) is a classical A-FIO of order the canonical relation of which is 
a graph of a canonical transformation and it is elliptic in a neighborhood of the frequency set 
of {efc : q = {k,i) e M}. Then there is C > 1 such that 

VqeM, < ||<|U2(r) <C. 

We write G(A) = Y.T=o' ^ji^)^ '^^ere Go(A) = Ho{X)M>') and 

GjiX) = H,{X)Uizl (Q,,+i(A)G,(A))^o(A) 

for 1 < J < m — 1 and m > 2. Since Hj{X) : L'^(r) is a uniformly bounded family of 

operators, we obtain ||tt^|| < C for some C > and any q e M. 

We are going to show now that the sequence \\Ug\\ is bounded below by a positive constant. 
Introduce 'normal coordinates' € F x [0, e], < e ^ 1, by means of the exponential 

map {x',Xn) — > exp(x„z/(x'))(x') corresponding to the metric g. Given < ei < £2 < £ we set 
U = T X [ei,S2\. Denote by tt2 : T*T x T*X T*X the projection to the second factor. Then 
for any < j < k < m the canonical relations of Hj{X) and Hk{X) satisfy 

MCj) n7r2iCk)n T*U = 0, 

which implies 

V/,5GL2(r), \{Hj{X)f,Hk{X)9)L2^u)\ < C\X\-\\\ff + \\gf). 

Hence, 

ll^^lli^(x) > ll^^lli.(f/)>Er=ollG,(M,Klli.(c/)-c|Ar^ll^°IP 

> \\Go{f^,)vXHU)-C\M~'Hf- 

On the other hand, we can write Hq(X) in a neighborhood of C/ as a continuous family of A-FIOs 
Ho{t,X) : L2(r) L'^iT), where Ho{t,X) = t*tHo{X), and it{x') = {x',t), for any x' e T and 
<t < e. The canonical relation of HQ{t, A) is a graph of a canonical transformation 

for < t < £ « 1, where 7r° : T*X T*T, is given by 7r°(x,t,C,r) = (x,^), and the 
smooth function s{g,t) is obtained from the relation exp{s{g,t)Xfi){7r^{g)) G T*X\rt by means 
of the implicit function theorem. It is just the time that it takes for a partial starting from 
7rJ(£)) G T*X\r to arrive at T*X\rt following the corresponding trajectory of the Hamiltonian 
Xfi- Moreover, its principal symbol is 1 in a neighborhood of A. Indeed, near the boundary we 
can write Hj{X) in the local coordinates x = t = Xn, as an oscillatory integral with a 

smooth non-degenerate phase function (f)(x, + {y', ^'), ^' = {^1, ■ ■ ■ , Cn-i), y' = {vi, Vn-i), 
where (f){x',0,^') = {x',(') and with a C°° compactly supported amplitude 

aix,^',X)\detid''4>/dx'd^'{x,^')\-'^^ 
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of order 0, a(x,^', A) = ao(x,^') + A ^ai(x,^) + • • • , and ag = 1 in a neighborhood of given 
(xQ,0,^g) with (xg,^g) G A. Choosing appropriately < ei < (^i < < £2 < this implies 

\\Go{XH\\hu) > f'\\Hoit,X)vX,^^^dt-0{\X\-')\\v%2^r) > cH^Hl^cd 

J 5i 

for some c > and any q £ M, which completes the proof of the lemma. □ 



To satisfy the boundary conditions in (|2.ip we choose k £ C^((— e,e)), k > such that 
K = 1 in a neighborhood of 0, and set 

Uq{x',t) = tK{t) -qI(.x',0) - i^(x')nO(x',0) 

where G F x M are normal coordinates to the boundary T. Then ||'Uq||i2(-jY) < C'^fi~^^ and 

— Uq satisfies the boundary condition. We put now 

Wq = u'^q - Uq + {Ak " /^g " i)'^ {A - fIg)Uq . 

Notice that the L^-norm of the second and the third terms can be estimated by Oi3{fiq^^) 
and ||(A — ^J^g)wq\\l2(^x) ^ Csli-q^ ■ Moreover, Wq belongs to the domain of definition of Ak- 
Normalizing Uq = and using Lemma 3.4, we obtain a quasimode {fj.q,Uq) of order M. 

Next we show that /Xg can be chosen real-valued. Applying Green's formula we get 

which allows us to take fig in M. Choosing \q\ ^ 1 we can suppose that fXq is positive. Notice 
that K should be in C'(r,M) with / > M(t + 2) + 2n + (n - l)/2. 




4 Spectral rigidity. 

4.1 Spectral rigidity for a bouncing ball geodesic. 

Let 7 be a closed broken geodesic in (X, g), dimX > 2, with m >2 vertices Xj, < j < m — 1. 
Denote by Qj = {xj,^j) = B^{pq), < j < m — 1, the corresponding periodic trajectory of B. 
Then qq is a fixed point of the symplectic map P = B™". Recall that 7 is called elliptic if qq is 
an elliptic fixed point of P which means that the spectrum of dP{Qo) : Tg^T — > T^^T lies on the 
unit circle of the complex plane and it consist of distinct eigenvalues different from one, i.e. 

Spec {DP{go)) = {e^^*^™^ : 1 < j < n - 1}, where < ai < • • • < < 1/2 . 

Set a = {ai, . . . , It is said that 7 admits no resonances of order less or equal to 4 if the 

scalar product {a,k) is not integer for any integer vector k = {ki, . . . G Z"^^^ different 

from and such that + • • • + |A;„_i| < 4. In this case P admits a Birkhoff normal form 

P{9, r) = {e + VB{r) + Q{\r\^''^),r + 0(|r|2)), {6, r) G T"-^ x M^^^~\ 

where (r, 0) are suitable polar symplectic coordinates in a neighborhood of qq such that r(^>o) = 0, 
and B{r) = {a,r) + {Ar,r)/2, where A is a symmetric matrix. The Birkhoff normal form of 



26 



P is non-degenerate if det A ^ 0. In this case, applying the KAM theorem we get a family of 
invariant tori A^^, called KAM tori, satisfying (H2) and having Diophantine vectors of rotations 
a; G H (see [19J, Theorem 13.6). Moreover, for any neighborhood U of qq in B*T the union of 
the KAM tori lying in U has a positive Lebesgue measure. Now Theorem 11.11 applies for any 
single torus of the family. 

Proof of Corollary li.3L Consider in more details the case of a bouncing ball trajectory in a 
two-dimensional billiard table (n = 2 and m = 2). Denote the restrictions of the two involutions 
to r n [/ also by Ji and J2 and by Jj : T*{T nU) ^ T*{T n U) the corresponding lifts. In this 
case T nU has two connected components Tj, j = 1,2, and Ji{Tj) = Tj while J2(ri) = 
Since Ji and J2 act as isometries and commute with each other, using the definition of B in 
Sect. 2.1, we obtain that the involutions Jj, j = 1,2, commute with each other and also with 
B. 

For any a; E S we set A^ = A^ and A^ = i?(A^). Then Ji(Ai), j = 1,2, are also invariant 
circles of P = B^ of rotation number uj and Ai = Ji(Ai) for j = 1,2, while A^ = J2{Alj). 
To prove it we use the following argument. Since dimT*rj = 2 the KAM circle A^ divides 
T*Tj in two components, and it contains the elliptic fixed point gj = {xj,0) of P in its interior 
Dj. Moreover, Jj{Qj) = Qj, hence, Ji(Ai) contains gj in its interior Ji{Dj) as well. On the 
other hand, Ji preserves the volume form of T*Ti, hence, A^ intersects Ji(Ai). This implies 
Ai = Ji(Ai), since P acts transitively on both of them. In the same way we prove that 

= J2(Ai). 

For any K £ C{T) we have 

Since {B J2)* d^j = dfij, we have as well 

/ . n = / ( ■ a °B)dfli= ( ■ oJ2)dfli. 

jyV2 sma Jy^i smt7 J^i smt' 

On the other hand, dfij and sin 9 are invariant with respect to Ji, and we obtain 

f K"^ oTTr, ^ I f K o TTr , f Kovrr, \ 
7^1 smt^ 2 yjjyi^ smd sm8 J 

Now Theorem 11.11 implies that 

— ^ -dfi = 4.1 

smt' 

for any t £ [0,1]. Parametrize Fi by the arclength s € [—a, a] so that s{xi) = 0. Then 
Ji(s) = — s for any s. Fix i G (0, 1] and set / = — Kq. For any invariant circle A^^, w G H, 
there is > such that 7rr(Ai^) = [— So;]- We are going to show that there exists an infinite 
sequence {yj)j^^ C (0,6) such that limyj = and f{yj) = 0. Indeed, suppose that /(s) 7^ 
in (0, h) for some 6 > 0. Take w G H such that s^^ < b. Since f{s) is e?;en it does not change 
its sign in the interval [— So^jSoj]. Moreover, sin9 > since 9 G (0, 7r/2] on the interior of B*T. 
Hence, (/ o n-p)/ sin 9 does not change its sign and it is non null on A^^, which contradicts ()4.ip . 
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This proves the existence of an infinite sequence {y^jjeN such that f{yj) = and yj ^ xi for 
any j G N and \\myj = xi. Now there exists an infinite sequence (y^)jgN C (0,6) such that 

yj < y'j < yj+i and ^{y'j) = 0, and so on. This imphes that the Taylor polynomials of / of 
order less then [£] + 1, i < +oo, vanish at s = 0, which proves the assertion. □ 

Remark 4.1 . A result similar to Corollary \1.3\ can be proved for planar billiard tables X in M? 
having a closed elliptic geodesic 7 with m > 3 vertices , provided that ^ is a regular polygon and 
X is invariant with respect to the group of the symmetries of ^ in M^, which is just the diedral 
group Dm- 

4.2 Spectral rigidity for Liouville billiard tables 

We recall from [28j the definition of Liouville billiard tables of dimension two. We consider two 
even functions / G C~(M), f{x + 27r) = f{x), and q G C°°{[-N,N]), N > 0, such that 

(i) / > if X ^ ttZ, and /(O) = /(^) = 0, /"(O) > 0; 

(ii) g < if 1/ / 0, q{0) = and g"(0) < 0; 

(iii) /(2'=)(7r/) = (-l)'=g(2fc)(o), / = 0, 1, for every natural /t G N. 
Consider the quadratic forms 

dg^ = {f{x)-qiy)){dx^+dy^) 
dl^ = {f{x)-q{y)){q{y)dx^ + f{x)dy^) 

defined on the cylinder C = x [-N, N]. 

The involution gq : {x, y) ^ {—x, —y) induces an involution of the cylinder C, that will 
be denoted by ctq as well. We identify the points m and ao{m) on the cylinder and denote by 
C := C/uq the topological quotient space. Let o" : C — > C be the corresponding projection. A 
point X G C is called singular if a^^{a{x)) = x, otherwise it is a regular point of a. Obviously, 
the singular points are Fi = (t(0,0) and Fi = (t(1/2,0). It is shown in [28] that the quotient 
space C is homeomorphic to the unit disk in and that there exist an unique differential 
structure on C such that the projection o" : C — > C is a smooth map, o" is a local diffeomorphism 
in the regular points, and the push-forward a^g gives a smooth Riemannian metric while cr^I is 
a smooth integral of the corresponding billiard flow on it. We denote by X the space C provided 
with that differentiable structure and call (X, a■^,g) a Liouville billiard table. Any Liouville 
billiard table possesses the string property which means that any broken geodesic starting from 
the singular point Fi {F2) passes through F2 (Fi) after the first reflection at the boundary and 
the sum of distances from any point of T to Fi and F2 is constant. 

We impose the following additional conditions: 

(iv) the boundary F of X is locally geodesically convex which amounts to q'{N) < 0; 

(v) f{x) = /(vr — x) for any x and / is strictly increasing on the interval [0, 7r/2]; 
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Liouville billiard tables satisfying the conditions above will be said to be of classical type. One 
of the consequences of the last condition is that there is a group I{X) = ^2X^2 acting on 
{X,g) by isometrics. It is generated by the involutions ai and ct2 defined by ai{x,y) = {x, —y) 
and £72 (x, y) = [tt — x, y). We point out that in contrast to [28j we do not assume / and q to be 
analytic. Examples of Liouville billiard tables of classical type on surfaces of constant curvature 
and quadrics are provided in [28]. The only Liouville billiard table in R2 ig 

the interior of the 

ellipse because of the string property. 



Proof of \l-4\ A first integral of B in B*r is the function X(x, ^) = f{x) — ^^ the regular values 
h of which belong to {q{N),Q) U (0, /(7r/2)) (see [28j, Lemma 4.1 and Proposition 4.2). Each 
regular level set consists of two connected circles A^(/i) which are invariant with respect to 
B ioT he {q{N),0) and to B'^ for h G (0,/(l/4)). The Leray form on Lh is 



dx 



^JWFh 



dx ^ ^ Q _ 



Given a continuous function IT on L we consider the corresponding "Radon transform" assigning 
to each circle A^(/i) the integral 



k±{h) 



sm ( 



We have 



sm ( 



' h-q{N) 
f{x) - q{N) ' 



hence, 

27r I 

RK{Iy^{h)) = ± ^ [ K{x). r^f~'^^P dx, he{q{N),0), 

- q(N) 7 V f[x)-h 

Fix the exponent r > 1 in the small denominator condition (jl.3p sufficiently small so that 
e > ([2d] + l)(r + 2) + 4 + 1/2. For any k > denote by QJ. the set of all u G M"-i satisfying 
(jl.3p . Then applying Theorem 11.11 for n = 2 we obtain 

VtG[0,l], RKM^m = RKoi^^ih)) (4.2) 

for each regular value h such that the corresponding frequency uj{h) belongs to fi^. On the other 
hand, the union A = U^^q^II. has full Lebegues measure in R. 

Lemma 4.2 There is e > such that the set of all regular values h G {q{N),q{N) + e), the 
corresponding frequencies Lo{h) of which belong to A, is dense in {q{N),q{N) +e). 

The proof of the Lemma follows immediately from Proposition 4.4 [28], which claims that the 
rotation function p~{h) := uj(h) is strictly increasing and smooth in an interval {q{N), q{N)+e). 
Then lo~^{A) is dense in that interval. 

As the function iJ^jj (A^(/i)) is analytic in /i G (g'(A^),0), using the Lemma we obtain (14. 2|) 
for any h G {q{N),0). Since Kt, t = 0,1, are invariant with respect to the action of I{X), this 
implies Kq = Ki as in [28]. □ 
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Spectral rigidity for higher dimensional Liouville billiard tables will be obtained in [SU]. We 
point out that we do not need analyticity and the billiard tables we consider are supposed to be 
smooth only. 

5 Concluding remarks 

5.1 Spectral invariants for continuous deformations of potentials 

Let Vt, t £ [0, 1], be a continuous family of real-valued potentials in X, £ G N, which means 
that the map [0, 1] 3 t Vt is continuous in C^(X, R). Denote by the selfadjoint operators 
A + 14 in L^(X) with Dirichlet boundary conditions on F. Consider the corresponding spectral 
problem 

An + Vtu = Xu inX, 
u\r = in r , 

We suppose as above that there is a Kronecker torus A of P = satisfying {H^). Without 
loss of generality we can assume that B^{A) ^ A for any < j < m. Consider the "flow- 
out" T = {exp{sXfi){TT^{x,^)) : (x,^) G A} of A with respect to the "broken bicharacteristic 
flow", where vr"*" : r*r — > T*X\t is defined in Sect. 12. 1[ As in Sect. 13.21 we identify T 
with a smooth lagrangian torus in T*X. We provide T with the "coordinates" {g,t), g £ A, 
< t < T{g) = 2A{g), using the map {g, t) exp(tX^)(7r+(^)) and introduce a natural measure 
djl = d^dt on it. Recall that T{x,S^) = 2A{x,S,) is the corresponding return time function. 
The measure dfl can be related also with the mapping cylinder construction introduced in [9]. 
Moreover, dfl is the unique measure on T which is invariant with respect to the flow of h and 
such that vol(T) = Jj^T{g)dfi{g). Let ttx '■ T*X X he the canonical projection. 

Fix^> ([2(i]-|-l)(r-|-2)-|-2n-|-(n—l)/2, where T > 1 is the exponent in the small denominator 
condition ()1.3p . 

Theorem 5.1 Let A be a Kronecker torus of the billiard ball map with a vector of rotation 
satisfying a small denominator condition. Let Vt, t £ [0, 1], be a continuous family of real-valued 
potentials in C^(X, M) such that At satisfy the isospectral condition {Hi) — {H2) for the Dirichlet 
problem. Then 

VtG[0, 1], j VtOTTxdfL = j Voo-Kxdfi. 
To prove the theorem we construct as in Theorem 12.21 a continuous family of quasimodes 

{^q{t),Uq{t))q^M , C Z", 

of At of order M such that 

^Jiq{t) = ^0 + c,,o + Cg,i(i)(/^°)"' + • • • + Cq,N{t){ij!^r^' 

where pP^ and Cq^ are independent of t, > C|g|, C > 0, and Cqj{t) is continuous in t G [0, 1]. 
Moreover, 

Cq,l{t) = Cqi + c{ I VtO TTxdfL , 
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^ is independent of t, and 

c'/ = 2(27rr-i (^I^A{g)dfi 

To construct the quasimodes we consider for each j = 0, . . . ,m — 1 a microlocal outgoing 
parametrix Hj : C°°(r) — > C°°(X) of the Dirichlet problem for A — — F satisfying 

(A - a2 - Vt)H,{X) = Oa/(|A|-*^) in X . 

We are looking for Hj{X) of the form Hj{X) = Hj{X) + X~^Hj^{X), where Hj{X) is introduced 
in Sect. 13.11 and Hj^{X) is a A-FIO of order 1/4 having the same canonical relation as Hj{X) 
and such that 

(A - a2 - Vt)Hlt{X) - VtHj{X) = Om{\X\-^') in X . 

The principal symbol ^) of H^^{X) satisfies the equation {h,p^} = iVt in T*X. Taking into 
account the boundary values at Uj we get 

P^Aq, s) =i Vt{exp{uXh){Q)) du , g e Uj . 
Jo 

As in Sect. 13.11 we get 

t*rHj{X) = ^j{X) + Gj{X) + Om{\X\-^') , (5.1) 

where 

Gj{X) :=Gj(A) + A-iG°(A) 

is a A-FIO the canonical relation of which is just the graph of the restriction of the billiard ball 
map B : Uj ^ ^j+i- Moreover, the principal symbol of G^{X) is equal to p'j{g,Tj{g)), g S Uj, 
where Tj(g) is defined in Sect. 13.21 as the first return time (at T) for the flow starting at Uj. 
The corresponding parametrix has the form 

m 

G{X) = Ho{X)i;oW + ^{-l)^-'Hk-i{X) (nf-2G,(A)) Vo(A) , 

k=2 

and we get the equation 

(W^(A)-Id)V^o(A)^; = Ob{\X\-''-^)v , (5.2) 

where 

W{X) := (-l)'"-in-V (V^,+i(A)(G,(A) + A-iG°(A)) . 
Recall that the principal symbol of Gj{X) is equal to one. Then 

W{X) = (-i)™-Vm(A) (Q°(A) + X-'Q\X)) S{X)M^) + Oe(A-^-^) . 

Here, Q^{X) is a classical A-PDOs on F with a C°° symbol independent of Vt and with principal 
symbol 1 in a neighborhood of A, and £ PD0;^2,A/(r; B; A). By Egorov's theorem (see Lemma 
A. 2) the principal symbol of Q^{X) is 

m—l „ 

MQ'){q) = 2i ^ p^j{B^{g),Tj{B^{g))) = 2i Vo o T^xdfi 

3=0 
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in P{Uq). The operator S{X) (see Sect. 13. ip does not depend on Vt, and it is a classical A-FIO 
of order with a large parameter X £ T>. Arguing as in Sect. [3] we complete the construction of 
the quasimodes. 

In the same way one can deal with the spectral problem with Neumann (Robin) boundary 
conditions. 

5.2 Further remarks 

1. Replacing the third condition in (Hi) by a^^^(&fc — o-k) — > as A; — > oo for some integer p >0 
and if i is sufficiently large, one can prove that Cqj{t) = Cgj{0) for j < p + I, which would 
give further isospectral invariants for the problem (jl.ip involving integrals of polynomials of the 
derivatives of Kt- Tedious computations show that the second invariant is of the form 



where D is a differential operator of degree 2. This invariant could be used to remove one of the 
symmetries for the function K in Corollarv 11.31 and Corollarv 11.41 Using further invariants one 
may remove all the symmetries. 

2. In the same way one can obtain invariants of continuous deformations of the potential for 
the Schrodinger operator in closed manifolds. Combining the method of this paper with some 
results in [26] and |27j it can be proved that Kronicker tori with Diophantine vectors of rotation 
are isospectral invariants (up to a symplectic conjugation) of continuous deformations of the 
Riemannian metric on a closed manifold. 

3. Continuous families of quasimodes can be constructed as well for elliptic low-dimensional 
tori under suitable Diophantine conditions, which will give further isospectral invariants. An 
elliptic closed geodesic can be considered as an elliptic torus of dimension one. Elliptic tori of 
dimension > 2 usually appear in Cantor families and can be constructed via the KAM theory 
[23]. 

4. We point out that the method we use can be applied whenever there exists a continuous 
family of quasimodes of the spectral problem. It can be used also for the Laplacian Ak in 
the exterior X = M"" \ O of a bounded domain in M" with a C°°-smooth boundary with Robin 
boundary conditions on it. In this case an analogue of (Hi)-(H2) can be formulated for the 
resonances of Ak close to the real axis replacing the intervals in the definition of X by boxes 
in the complex upper half plain. Given a Kronecker torus A of S we obtain continuous in K 
quasimodes of Ax associated to A. By a result of Tang and Zworski [3l] and Stefanov [32] the 
corresponding quasi-eigenvalues are close to resonances and one obtains an analogue of Theorem 
1.1. 

Appendix 

Al. Symbols of finite smoothness 
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Consider a A-FIO Ax acting on C^(M" ^) with a distribution kernel 

KAAx,y) = {X/27Tr~' I e^^(<^-^'«>+'^(^'««g(x,e,A)(ie. (A.l) 

Suppose that the amphtude q satisfies the following conditions 

• ■= q[.^ A) G F^(M"-i x M"-i), where s > n - 1, 

• the support of qx is contained in a fixed compact F C x R"~^ for each A € P, and 

• sup ll^'All/f" < OO. 

A 

Hereafter, Hq, s > 0, is the Sobolev space of compactly supported functions. Suppose also that 
the phase function S{x,(,) = + ip{x,(,) is C°° and non-degenerate in a neighborhood U 

of F, which amounts to | det{dxd^S)\ > 5 > in f7. Using a result of A. Boulkhemair [3], we 
obtain 

PaII£(l2) < C sup llgAlk" , (A.2) 
xev 

where C = C(s,5, F) > does not depend on qx and C{L'^) stands for the space of linear 
continuous operators in L^(M"'~^). Indeed, if 

F c Be{Q^) := {q G IR"-i x : \q - < e} C U, 

where ^ F and e > is sufficiently small we can extend to a globally defined smooth 
function S in T*IR"'~^ which coincides with S in Bi,{q^) and equals the Taylor polynomial of 
degree 2 of 5 at outside B2e{Q^) and such that | deidxd^S\ > 5/2 in r*M"-^ Then applying 
[3], Corollary 1, to the oscillatory integral with phase function S and amplitude q we obtain 
()A.2p . In the general case we use a suitable partition of the unity of F. 
Consider now the oscillating integral 

qx{^,I)=y-^ f e-^^<"'">a(v9,n,/,t;,A)dudn , AG P. (A.3) 

where ax = a{-, A) G C'2n^i'n-i ^ jn~i ^ jgn-i x and dx is the corresponding 27r-periodic 

function with respect to u G We suppose also that ax is uniformly compactly supported 

with respect to f G M"""^, which means that there is a compact subset F of R"~-^ such that 

suppaA(9J,n,/,-) C F for any {ip,u,I,X) G T""^ x T""^ x M""^ x V. 



Lemma A. 1 Let ax satisfy the hypothesis above. Then 

IkAlIc" < C||aA||c2" ) 

where C = C{n,F) > 0. In particular the X-FIO Ax with amplitude qx{f,I) satisfies II A. ^) with 
any s > n if sup ||aA||(72n < oo. 

AG© 
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Proof. Set z = {(p, I). For any a G N^"" ^ with \a\ < n we get 




b{ip, u/X, /, u, A) du , 



where 

h{ip, w, I, u,X)= [ e-^<^'">a^a(^, w, I, v, A) dv . 
Integrating by parts with respect to v in the oscihating integral above we get 

{l + \u\r\b{ip,w,I,u,X)\ <C\\ax\\c^n, 
where C = C{n, F) > 0. This proves the Lemma. □ 

We consider famihes of A-PDOs with symbols of finite smoothness which depend continuously 
onKGC'(r). Let/ > OandletebeaaboundedsubsetofC'(r,M). We denote by 0^(1 Aj"^) : 
L^(r) — > L^(r), A £ P, any family of linear continuous operators depending on K £ B, the norm 
of which is uniformly bounded by (7^(1 + |A|)~^ for some positive constant Cg. Let / > 0, > 1 
and m > 2 be such that I > mN + 2n. We say that a family of operators Qx '■ L'^i^) -^^(r), 
XeV, depending on K e B C C'(r, M) belongs to PDO^^ ^(F; B; A) if in any local coordinates 
it can be written in the form OPx{q) + Oq{\X\~^), where the distribution kernel of OPx{q) is 

OFx{q){x,y) := (A/2vr)"-i ^ e^^<--J''«>g(x, A) , (A.4) 

with amplitude 

N-l 

g(x,e,A) = ^gfe(x,OA-^ (A.5) 

fc=0 

and qk € C^"""''(r*i?"-i), < k < N - I, depends continuously in K e C'(F,M) in the sense 
that the support of qk is contained in a fixed compact set independent of K and the map 

is continuous. We denote that class of symbols q by Sj_^ j.^{T*W^~^;B] X). Using the L^- 
continuity theorem, [16], Theorem 18.1.11', it is easy to see that the operators of the class 
PDOj-^ B; A) are uniformly bounded in with respect to -fC G ;B ( it suffices / > mN + n). 
Moreover, the class PDO^-^ ^(F; ;B; A) is closed under multiplication and transposition and it 

does not depend on the choice of the local coordinates modulo Os{\X\~^) (see Remark A.l). 

The frequency set WF'((5) (modulo 0(|A|~^)) of a A-PDO Q{X) with symbol q locally given 
by ([ATK]) is 

WF'(g(A)) :=uJroisupp(9,) 

in each local chard. 

Using Lemma A.l one can commute A-PDOs in PDOj-^ n^'' ^' "^^ with classical A-FIOs A{X) 
associated to a smooth canonical transformation k : T*F ^ T*F and having a amplitude in 
each local cart. More precisely, we have 
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Lemma A. 2 Let Q{X) G PDO^^ ^(F; ^; A), / > mN + 2n. Suppose that the FIO A{X) is 
elliptic on WI^{Q). Then there exists Q'{X) £ PDOj^ ^(F; i3; A) such that 

Q{X)A{X) - AiX)Q'{X) = OedAr^) : L\T) L^{T) (A.6) 

and wise versa. The principal symbol ofQ'(X) is given by the Egorov's theorem, cr(Q') = a{Q)on. 

Proof. We define Q' = BQA, where WF'{AB - I) n WF'(Q) = 0. To prove that Q'(A) G 
PDOj-^ ^(F; B; A), we choose local coordinates x in F and write the distribution kernel of (5(A) 
in the form (|A.4p with symbol q G Sj^ j^{T*W^~^] B; X). We can suppose that distribution 
kernel of A(X) is given by (jA.ip with a smooth compactly supported amplitude a. 

More generally, we suppose that a G Sj^ j^{T*W-^; B; X). Then the distribution kernel of 

Q{X)A{X) is given modulo Oe(|A|~^) by the oscillatory integral (lA.ljl with amplitude given by 
the oscillatory integral 

Kqa{x, A) = (^) I eiH{--,v-0+^(z,0-Mx,0) x)a{z, A) dr]dz . 

We are going to write it as a symbol in Sr j^{T*M"'^^] B; A). Set 



:,m,N 



/ Vx1p{x + TZ,^)dT . 

Jo 



Changing the variables and using Lemma A.l we get Kqa = Ki + Ob{\X\ where Ki{x, ^, A) 
is a sum of oscillatory integrals 

N~i / A \ r 

E E / e-^^(^'^^x{v)qr{x,V + C + Mx,z,0)as{z + x,0d7ldz, 

j=0 r+s=j ^ -^^^^ ^ 

and X £ Cq°(M"'~^) is a cut-off function such that x = 1 in a neighborhood of ry = 0. Now we 
expand qr by Taylor formula with respect to at ?? = up to order 0{\r]\'^~^). Notice that for 

\P\ < N - j < N - r we have d^qr G c'"™'"-!^! (r*M"-^), where 

l-mr- \p\ = + [- mr - 2|/?| > |/?| + / - m(r + > +l-mN> \p\ + 2n. (A.7) 
Integrating /? times by parts with respect to r] we obtain 

N-l 

Ki{x,tX) = Y,F,{x,OX-^ + Fn{x,^,X)X-^ , 

j=0 

where 

^ji^^O = E {-idzf (^di^qr{x,ri + ^ + ipi{x,z,C)as{z + x,0^ 1^=0 =o (^-8) 

for J < TV - L By (|X7l) we have 9^+^^^ e C2"(T*]R"-i) if I7I < |^| < TV - j. In the same 
way we get d^ag G C^"(r*]R"~^) if I7I << N — j. Then using and Lemma A.l we estimate the 
reminder term by 

SUpIIFatIIc" < CJ2r+s<N\\lT\\c^" W^sWc^ri 
A 

— C J2r<Ni\Wr\\'^i_^^ + l|ar||^f_^J • 
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In particular, the A-FIO corresponding to F^X'^ belongs to Og(|A|~^). 

In the same way, we write A{X)Q'{X) modulo Os{\X\~^) as a A-FIO with distribution kernel 
(|A.ip with amplitude given by the oscillatory integral 

N-i r 

j=0 s+r=j V ^/ 2 

where 'ip2{x,^,'r]) = V^^Ij{x,^ + Tr])dT. We get as above 

N-l 

K2{x,C,X) = J2Hjix,0X-'+HN{x,^,X)X-'' 

3=0 



where 
and 



\Hn\\h-^ < C E 



1(7'- 



+ 



/ ||2 



r<N-l 



|,j=0,z=0 



(Ai 



r+s+|/3|=i 

for < i < iV - 1. Note that Tpi{x,0,C) = Vxi'{x,C), ^2(2;, ^,0) = V^^p{x,(,), and that locally 

graph K = {(x, ^ + Va;V'(x, 0, + V5V(a;, 0,0}- 

Since ^(A) is elliptic on WF'(Q) we obtain that ao(x,^) / on the support of the functions 
(x,^) — > qr{x,(, +'Vxfp{x,S,)), and we determine by recurrence from the equations Hj{x,(,) = 
Fj{x,^), j = 0, . . . , N — I. It is easy to see by recurrence that q'j G (ji-mj ^rp* j^n~i^ jg continuous 
with respect to K G C-^T). □ 



Remark A. 1 We have proved in particular that if Q{X) is a family of X-PDOs in M^-^ the 
distribution kernel of which has the form {A. 4- ) with symbol q G Sj^ j^{T*W^~^;B] X) and if 



the distribution kernel of A{X) is given by (EJP with amplitude a G Sj^ ^(T*W^-^;B; X), then 
Q(A)^(A) and A(A)Q(A) are X-FIOs in W^~^ with distribution kernels (HHP o,nd amplitudes 
in Sj^ j^{T*W^^^;B; X). By the same argument, the class PDO^^ ^(F; ;B; A) is closed under 
multiplication and transposition and it does not depend on the choice of the local coordinates 
modulo Oe(|A|-^). 

A. 2 Proof of Proposition [375[ We obtain as above 
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where <l>o(x,^, ??) = /J V^$(x, ^+rr?)(ir, = (fc+'!9o/4)/A and % = /-(A;+t?o/4)/A. Deforming 
the contour of integration we obtain 

X ' I e-'^^'^'^'^{po + X-y){v + {k + ^o/^)/X,X)dudv + Ob(|A|-^-^), 

which imphes (13.291) . 

To prove p.30p we write R^{X)ek{x) as an oscihatory integral as above, and then we change 
the contour of integration with respect to y by 

y^y=y-X- $o(x, {k + l?o/4)/A, I - {k + ^o/4)/X) . 

This imphes 

X (-Y'' I e-*"<^'^-('=+^»/^)/">(ro + A-VO)(^,/,A)d/d^; 

modulo 0^3(|A|-*^-^). We have 

ro(v^,I)= ^ (/-I°)Vo,a(v',/), 

|a|=A/+l 

where tq^^ £ Cq°(T"~^ x D) does not depend on and we write now in the form (|3.19p . 
Integrating by parts with respect to v in the corresponding oscillating integral with amplitude 
rl^{ip,I){I - /O)", \a\=M- j, we replace (/ - 7°)" by {{k + t9o/4)/A) - 7°)" . Hence, 

where 

fk{ip, 7, A) = E|«|=M+i ((^ + ^o/4)/A - 7°) Vo,«((/p, 7) 

M 

+ E E A'^((fc + V4)/A-70rr°J^,7). 

j=0 \a\=M-j 

Since r^^, G Cq (T"^-*^ x D) is continuous with respect to 7C G i3, integrating n times by parts 
with respect to 7 in the last integral we gain Ob((1 + lAul)""), and we obtain (j3.30p . □ 



A . 3 Proof of Lemma [57 
The Schwarz kernel the operator Wi{X)A{X) has the form 



X ^ 



27r 
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where the amphtude F is given by the oscillatory integral 

F{x, I,X) = (—) [ ^iX({x-z,^-i)+H^,0-H^,i)) ^(^.^ x)a{z, I, X)J{x, d^dz 

modulo Oe{\X\~^'^~^). Recall that the function J(x,^) — 1 vanishes up to any order at ^ = , 
hence, 

J{x,i) = l + 0{\i-I^\'"''+^). 

Set 

1, 77) = V/$(x, / + rr/)dr = Lo(I, r/) + Hq{x, I, rj), where 

Lo(I, ri) = J^l ViL{I + TT])dT and i7o(x, /, r?) = /^^ V/i?(x, I + TT])dT . 

Changing the variables z = v + x + ^o{x, I,r]), ^ = / + ry, and using (j3.18p and Lemma A.l we 
obtain as above that modulo Ob{\X\~^'^~^) 

M-l 

F{x, I, A) = Foix, /, A) + ^ X-^-^F^ix, I, A) + F{x, I, A) , (A.IO) 

i=o 

where F belongs to the residual class Rm+iO^"^^^ x D;B; A), and 

Fo{x, /, A) = (^) [ e-'^^""'^^ coix, I, v, r?) dijdv , 

FO(x,/,A) = f ' f e~'^^^^^^c%x,I,v,'n)dr,dv. 



Moreover, 



and 



co{x,I,v,r}) = wo{x,I + r])J{x,I + T])ao{I), 
c^j{x,I,v,rj) = w'^{x,I + r])J{x,I + rj)ao{I) 

+ Yl cl^{xJ,v,r^)J{x,I + ri){I-fY 

\a\<M-j-l 

cla{x,I,v,rj) = i;{I)wo{x,I + r])al^{v + x + <^o{x,I,v)) 



+ Yl W)w%x,I + ri)al^{v + x + ^q{x,I,vi)) , 

r+s=j—l 

where t/' £ C^(M"^"'^) and -0 = 1 in a neighborhood of / = . We have 

Fo(x,/,A) =u;o(x,/)ao(/)J(x,/) = 1 + 0(|/-/Y'+'). 
In the same way we write 

i^O(x,/,A)=t.O(x,/)+ Fl^{xJ,X){I-l''T +0(|/-lT'+') 

\a\<M-j-l 
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where the amphtude of Fj a{x, I, X) is ^{x, I,v,r])J{x, I + -q). We develop ai"^ + x + $0) 
in Taylor series with respect to u at f = up to order 0(|f using the Taylor formula 

with an integral reminder term. For any |a + /9| < M — j and j < M — 1 we have dxoPj^ S 
^P(jn-i^ C CP(T"-i), where 



p = I - T - j{T + 2) - \a + f3\>\l3\ +1 - T - j{T + 2) - 2\a + /3| 
>\I3\+1- a + l)r -2M>\fi\+l- M{t + 2) > + 2n , 

nn — 1 



(A.ll) 



since a S Ai-r,T+2,M^^'' ^ D;B;\) by assumption. By the same argument we obtain that 
9f e ^l/3|+2n(']r""i) depends continuously on K G i3 for any \a + (3\ <M-j and j < M - 1. 
Integrating (3 times by parts with respect to rj we gain A"'^'. In this way we get 



m<M-j-\a\ 



(51 



{-id,)f'd^,aUip-M^J,v)) 



\ri=0 



+ E E 

r+s=j-l |/3|<A/-j-l-|a| 



/3! 



where sup^i^ ll-^jllc" ^ Cfi in view of (jA.lip and Lemma A.l. Notice that all the derivatives of 
Hq vanish for (r/, /) = (0, I*^), and we have d^HQ{x, 1,0) = 0{\I — /Ol-^+i) for any 7, hence, 



AI-l 



F{x,I,X)=Fo{x,I)+ F^{x,I)X-^~' +FHx,I,X), 

j=0 

where Fq = 1 in T""i x D^, 

Ff{ip,I) = a]{^ - VL{I)J) +w%ipj) + f^{ipj) , 
/q = 0, and for j > 1 we have 

1 r 1 



=0 \(i\=j-s \^\<M-j-l 



E E 

r+s+|/3|=j-l |7|<Af-j-l 



1 



(A.12) 

We have also F^ G i?jvf+i(T" ""^ x F>;B,X) in view of (jA.lip and Lemma A.l. Expanding the 
right hand side of ()A.12p in Taylor series with respect to / at up to order M — j — 1, we 
obtain = E|a|<A/-j-i/i,a(<^)(^-^)" + /?(<^.^)> where G C2"(T"-i x D) is bounded 

in X G We write f'^^ = f^'^ + /^^, where f^"^ comes from the first sum in the right hand 
side of CO2I) and f"^^ comes from the second one. Then ^ is a linear combination of terms 
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where s < j -l,s + \P\ = j ,/?' < /?, \-f\ + \6\ < \a\. Hence f-^^ can be written as a linear 
combination of 

d^al-yif - 2vrw) , where s < j - 1 , and + I7I < 2(j - s) + |a| . 

2 

Moreover, Z^- is a hnear combination of terms 
where 

+ s + = j - 1 , + /?" < /? , 5' + 5" + 7 < a- 
Hence, f?'^ can be written as a Hnear combination of 

aK0(^,/0)a^a0,(v.-2vru;), 

where 

r + s < j - 1 , 1^1 + |(5| + I7I < 2(j - 1 - r - s) + |a|. 

In the same way, expanding a}j{ip — \/L{I), I) in Taylor series with respect to / at up to order 
M — j, we get 

a°((^ - VL(/), /) = a°(v9 - Ittlo, I) + 6° (99 - 2^^;, /) + Cj{^, I), 

where fej ~ 2ttu), I) is a linear combination of terms 

d!^al^{ip - 2ttuj){I - /°)" with j + \a\<N-l and + I7I < \a\ and > 1, 

while Cj{ip,I) = J2\a\=N-j(^jA'P^I)iI - and Cj-^ G ^^"(T"-! x D) is bounded in K e B. 
In particular, the d^a^ ^{(p — Ittuj) belongs to the first terms of (j3.24p . This proves (|3.24p and 
gives the term a^((^ - Ittuj,!) in ([323]). 

In the same way we write A{X)Wo{X) in the form (13.150 with amplitude G{x, I, A) given by 
the oscillatory integral 

\2ttJ jR2n-2 

Changing the variables we obtain G = a{po + X^^p^) + G, where G is given by 

n—l n 

(po + A-V(^,A)) / e-'^^''''^^[a{x,7^ + I + Hi{x,vJ),X)-a{x,r] + I,X)]dr]dv , 

7R2n-2 

and ^ 

Hi{x,v,I)= [ V^R{x + Tv,I)dT = On{\I - I^f) 
Jo 

for any N £ 'N. Using Taylors formula and Lemma A.l we obtain that G is a residual symbol 
satisfying (13.221) . and we get 

M-l 

G{ip, I, A) = Goiv, I)+Y1 ^)^"'"' + ('^' ^' ^) ' 

j=0 
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where E RM+iiT""'^ x D; B, A). Moreover, Gq = 1 in T"-i x D^, and 

= a°(<^,I)+p°(/)+g°(^,/), 

where, go = and 

i-i 

5°(v^,/) = 5^a0_,_i((^,/)p0(/) 

fe=0 

for J > 1. Now it is easy to see that ^{ip), j + \a\ < N — 1, are linear combinations of terms 
given by (j3.25|) . Finally, 

M-l 
3=0 

and i?i(A) is the corresponding FIO. □ 
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